
Angoricity and compactivity describe the jamming transition in soft particulate matter

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2010 EPL 91 68001

(http://iopscience.iop.org/0295-5075/91/6/68001)

Download details:

IP Address: 134.74.83.253

The article was downloaded on 09/05/2012 at 01:56

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0295-5075/91/6
http://iopscience.iop.org/0295-5075
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


September 2010

EPL, 91 (2010) 68001 www.epljournal.org

doi: 10.1209/0295-5075/91/68001

Angoricity and compactivity describe the jamming transition
in soft particulate matter

Kun Wang
1(a)
, Chaoming Song

2
, Ping Wang

3 and Hernán A. Makse1

1 Levich Institute and Physics Department, City College of New York - New York, NY 10031, USA
2 Center for Complex Network Research, Department of Physics, Biology and Computer Science,
Northeastern University - Boston, MA 02115, USA
3 FAS Center for Systems Biology, Harvard University - Cambridge, MA 02138, USA

received on 30 August 2010; accepted by R. A. Treumann on 1 September 2010
published online 17 September 2010

PACS 81.05.Rm – Porous materials; granular materials

Abstract – The application of concepts from equilibrium statistical mechanics to out-of-
equilibrium systems has a long history of describing diverse systems ranging from glasses to
granular materials. For dissipative jammed systems —particulate grains or droplets— a key
concept is to replace the energy ensemble describing conservative systems by the volume-stress
ensemble. Here, we test the applicability of the volume-stress ensemble to describe the jamming
transition by comparing the jammed configurations obtained by dynamics with those averaged
over the ensemble as a probe of ergodicity. Agreement between both methods suggests the idea of
“thermalization” at a given angoricity and compactivity. We elucidate the thermodynamic order
of the jamming transition by showing the absence of critical fluctuations in static observables like
pressure and volume. The approach allows to calculate observables such as the entropy, volume,
pressure, coordination number and distribution of forces to characterize the scaling laws near the
jamming transition from a statistical mechanics viewpoint.

Copyright c© EPLA, 2010

Introduction. – A granular system compresses into a
mechanically stable configuration at a nonzero pressure
in response to the application of an external strain [1–3].
This process is typically referred to as the jamming
transition and occurs at a critical volume fraction φc [3].
The application of a subsequent external pressure with
the concomitant particle rearrangements and compression
results in a set of configurations characterized by the
system volume V =NVg/φ (φ is the volume fraction of
N particles of volume Vg) and applied external stress or
pressure p (for simplicity we assume isotropic states). It
has been long argued whether the jamming transition is a
first-order transition at the discontinuity in the average
coordination number, 〈Z〉, or a second-order transition
with the power-law scaling of the system’s pressure as
the system approaches jamming with φ−φc→ 0+ [4–7].
Previous work [8–10] has proposed to explain the jamming
transition by a field theory in the pressure ensemble. Here,
we use the idea of “thermalization” of an ensemble of
mechanically stable granular materials at a given volume
and pressure to study the jamming transition from a
thermodynamic viewpoint.

(a)E-mail: kunwang@sci.ccny.cuny.edu

For a fixed number of grains, there exist many jammed
states [11] confined by the external pressure p in a
volume V . In an effort to describe the nature of this
nonequilibrium system from a statistical mechanics per-
spective, a pressure-volume ensemble [8,12–14] was intro-
duced for jammed matter. In the canonical ensemble
the probability of a state is given by exp[−W(∂S/∂V )−
Γ(∂S/∂Γ)], where S is the entropy of the system, W is
the volume function measuring the volume of the system
as a function of the particle coordinates and Γ≡ pV is
the boundary stress (or internal virial) [9] of the system.
Just as ∂E/∂S = T is the temperature in equilibrium
system, the temperature-like variables in jammed systems
are the compactivity X = ∂V/∂S [12] and the angoricity
A= ∂Γ/∂S [13,15–17].
In a recent paper [18] the compactivity was used to

describe frictional hard spheres in the volume ensem-
ble. Here, we test the validity of the statistical approach
in the combined pressure-volume ensemble to describe
deformable, frictionless particles, such as emulsion systems
jammed under osmotic pressure near the jamming transi-
tion [19,20]. We demonstrate that the jamming transition
can be probed thermodynamically by the angoricity A and
the compactivity X.
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The calculation of jamming “heat” capacities character-
izes the system fluctuations and shows the lack of critical
fluctuations in the static quantities as the jamming
transition point is approached from above φ→ φ+c . Thus,
the thermodynamical viewpoint determines the order
of the phase transition and allows one to calculate the
physical observables near jamming.
Following the analogy with a statistical ensemble where

angoricity in a granular system plays the role of tempera-
ture, our basic hypothesis would mean that the probability
of finding the system in a given jammed state would be
proportional to exp(−αΓ), where the inverse angoricity is
defined as α= 1/A= ∂S/∂Γ and Γ is the internal virial of
this state.
Thus, if the density of states g(Γ, φ) in the space

of jammed configurations (defined as the probability of
finding a jammed state at a given (Γ, φ) at A=∞)
is known, then calculations of macroscopic observables,
like pressure p and average coordination number Z as a
function of φ, can be performed by the canonical ensemble
average [9,10] at a given volume:

〈p(α, φ)〉ens = 1Z
∫ ∞
0

p g(Γ, φ) e−αΓ dΓ, (1)

and

〈Z(α, φ)〉ens = 1Z
∫ ∞
0

Z g(Γ, φ) e−αΓ dΓ. (2)

In the integrants, p and Z refer to the average values of
the corresponding quantities over all configurations with
a given Γ value. The canonical partition function is Z =∫∞
0
g(Γ, φ)e−αΓdΓ and the density of states is normalized

as
∫∞
0
g(Γ, φ)dΓ= 1. Although these forms follow from

a typical statistical mechanics treatment of the problem,
there is no a priori proof that each jammed state should be
weighed according to the Boltzmann-type factor including
the angoricity. In our work we demonstrate that these
equations are indeed valid, by first exhaustively measuring
all possible configurations and then assigning a probability
to each configuration based on the value of angoricity. In
this way, we effectively calculate the value of the above
integrals. We then proceed to compare the above outcome
with results from Molecular-Dynamics (MD) simulations
under the same conditions.
At the jamming transition the system reaches isostatic

equilibrium, such that the stresses are exactly balanced
in the resulting configuration, and there exists a unique
solution to the interparticle force equations satisfying
mechanical equilibrium. It is well known that observables
present power-law scaling [4]:

〈p〉dyn ∼ (φ−φc)a, 〈Z〉dyn−Zc ∼ (φ−φc)b, (3)

where a= 1.5 and b= 0.5 for Hertzian spheres and Zc = 6
is the coordination number at the isostatic point (J-point)
[4]. The average 〈· · ·〉dyn indicates that these quantities
are obtained by averaging over packings generated dyna-
mically in either simulations or experimentally as opposed

to the ensemble average over configurations 〈· · ·〉ens of
eqs. (1), (2). Comparing the ensemble calculations,
eqs. (1), (2), with the direct dynamical measurements,
eq. (3), provides a basic test of the ergodic hypothesis for
the statistical ensemble.
Our approach is the following: We first perform an

exhaustive enumeration of configurations to calculate
g(Γ, φ). Since α is still unknown we can only calculate
the average 〈p(α, φ)〉ens for a given φ value as a function
of α using eq. (1). Then, we perform MD simulations
at a given φ value, where we can now directly calculate
the average pressure 〈p〉dyn. This pressure is one point
of the 〈p(α, φ)〉ens vs. α curve, so that by equating the
two pressures 〈p(α, φ)〉ens = 〈p〉dyn we can finally obtain
α(φ) for a given φ value. By virtue of obtaining α(φ), all
the other observables can be calculated in the ensemble
formulation. The ultimate test of ergodicity is realized by
comparing the remaining ensemble observables with the
corresponding direct dynamical measures. Notice that the
above procedure aims to identify a common α value for a
direct comparison of the exhaustive ensemble results with
the MD data, and the two methods are independent of
each other.
The systems used here for both, ensemble generation

and molecular-dynamics simulation, are the same. They
are composed of 30 spherical particles in a periodic
three-dimensional boundary box. The particles have same
radius r= 5µm and interact via a Hertz normal repulsive
force without friction. The interaction is defined as: Fn =
2
3 knr

1/2(δr)δ, where δr= (1/2)[2r− |�x1− �x2|]> 0 is the
normal overlap and kn = 4G/(1− ν) is defined in terms of
the shear modulus G and Poisson’s ratio ν of the material
of which the grains are made and δ= 3/2. Here, we use
G= 29 GPa and ν = 0.2 for spherical particles and the
density of the particles, ρ= 2× 103 kg/m3.
Ensemble calculations. – The density of jammed

states g(Γ, φ) is calculated in the framework of the poten-
tial energy landscape (PEL) formulation introduced by
Goldstein [21] and Stillinger-Weber [22] to describe super-
cooled liquids. In the case of frictionless jammed systems,
the mechanically stable configurations are defined as the
local minima of the potential energy surface (PES) of the
system [4] (see fig. 1(a) for a schematic representation).
In order to enumerate the jammed states at a given

volume fraction φ, we start by generating initial unjammed
packings (not mechanically stable) performing a Monte
Carlo (MC) simulation at a high, fixed temperature. The
MC part of the method applied to the initial packings
assumes a flat exploration of the whole PEL. In order
to find such a minimum, we apply the LBFGS algorithm
provided by Nocedal and Liu [23]. The procedure is anal-
ogous to finding the inherent structures [24] of glassy
systems. The LBFGS algorithm is also similar to the
conjugate gradient method employed by O’Hern [4]. From
fig. 1(b), we see that g(Γ, φ) does not change significantly
for different searching days, suggesting that enough ensem-
ble packings have been obtained to capture the features
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Fig. 1: (Color online) (a) A schematic two-dimensional poten-
tial energy landscape surface. The jammed states A and B are
local minima (zero-order saddles) in the PES. (b) The density
of states g(Γ, φ) for 15 days searching at φ= 0.625. Different
color corresponds to the different day. (c) The density of states
g(Γ, φ) as a function of internal virial Γ for different volume
fractions, φ, ranging from 0.610 to 0.670. (d) Dependence of
the results on the system size. Both the average value of p and
the distribution g(Γ, φ) (inset) converge as early as N ∼ 25
particles.

of g(Γ, φ), since the initial packings are generated by a
completely random protocol. Figure 1(c) shows g(Γ, φ)
vs. Γ for different volume fractions. The presented results
seem to converge for N ∼ 25 and above, fig. 1(d). Accurate
calculations for large values of N remain computationally
impossible, but in our treatment the exact choice of N is
not as important as the consistency of the results between
ensemble and MD, for any N value.

MD calculations. – The pressure 〈p〉dyn as a function
of φ is calculated by performing MD simulations. Packings
are prepared by compressing a gas of particles from an
initial (unjammed) low volume fraction to a final jammed
state. This procedure simulates a dynamical packing
preparation (see [18] for details). The compression rate is
Γ0 = 5.9t

−1
0 , where the time is in units of t0 =R

√
ρ/G.

Here, 250 independent packings, having statistically inde-
pendent random initial particle positions, are obtained for
each fixed pressure (see fig. 2). φ= 〈φ〉dyn and 〈Z〉dyn are
flat averages of these 250 packings. We obtain (fig. 2(a),
inset): 〈p〉dyn = p0(φ−φc)1.65, where φc = 0.6077 is the
volume fraction corresponding to the isostatic point J [4]
following eq. (3) and p0 = 10.8MPa. This critical value
and the exponent, a= 1.65, are slightly different from the
values obtained for larger systems (a= δ) [4]. However,
our purpose is to use the same system in the dynamical
calculation and the exact enumeration for a proper
comparison.

Fig. 2: (Color online) The cyan ◦ is Zdyn and φdyn for every
single packing obtained with MD and the blue ◦ is 〈φ〉dyn and
〈Z〉dyn average over the single packings for the system.

Fig. 3: (Color online) (a) The numerical integration of eq. (1)
as a function of α. The red ◦ shows the corresponding inverse
angoricity α for each input dynamically obtained pressure
〈p(φ)〉dyn. (b) The inverse angoricity α obtained for different
searching days at φ= 0.609, 0.614, 0.625. (c) The inverse
angoricity α as a function of φ−φc. We find a power-law
relation for the system’s volume fraction φ near φc. The solid
line has a slope of −2.5. (d) The angoricity A(= 1/α) vs. φ−φc.

Calculation of angoricity. – For each φ we use
g(Γ, φ) to calculate 〈p(α)〉ens by eq. (1). Then, we obtain
α(φ) by setting 〈p(α, φ)〉ens = 〈p〉dyn for every φ. Since we
obtain g(Γ, φ) and 〈p〉dyn for each volume fraction φ, we
can calculate the inverse angoricity α by eq. (1).
Figure 3(a) shows the result of the numerical integration

of eq. (1) as a function of α using the numerically obtained
g(Γ, φ) from fig. 1(c). To obtain the value of α for each φ,
we input the corresponding measure of the pressure
obtained dynamically 〈p(φ)〉dyn and obtain the value of
α(φ) (see the red ◦ in fig. 3(a)).
We also check the inverse angoricity α(φ) using g(Γ, φ)

for different searching day (see fig. 3(b)) to ensure the
accuracy and convergence to the proper value. We can
see that α(φ) is stable due to the fact that the density of
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state, g(Γ, φ), does not change significantly. The resulting
equation of state α(φ) is plotted in fig. 3(c). For a volume
fraction much larger than φc, the system’s input pressure
〈p(φ)〉dyn reaches the plateau at low α of the function
〈p(α, φ)〉ens (see fig. 3(a)) and the corresponding α(φ)
becomes much smaller (the angoricity A(φ) becomes much
larger), leading to large errors in the value of A as φ
becomes large. This might explain the plateau found in A
when (φ−φc)> 2× 10−2 as shown in fig. 3(d). Figure 3(d)
shows that the angoricity follows a power law, near φc, of
the form:

A∼ (φ−φc)γ , (4)

with γ = 2.5. The result is consistent with γ = δ+1.0,
suggesting that A∝ Γ∝ Fnr. Angoricity is a measure of
the number of ways the stress can be distributed in a
given volume. Since the stresses have a unique solution
for a given configuration at the isostatic point, φc, the
corresponding angoricity vanishes. At higher pressure, the
system is determined by multiple degrees of freedom satis-
fying mechanical equilibrium, leading to a higher stress
temperature, A. The angoricity can also be viewed as a
scale of stability for the system at different volume frac-
tions. Systems jammed at larger volume fractions require
higher angoricity (higher driving force) to rearrange.

Test of ergodicity. – In principle, using the inverse
angoricity, α, we can calculate any macroscopic statistical
observable 〈B〉ens at a given volume by performing the
ensemble average [10]:

〈B(φ)〉ens = 1Z
∫ ∞
0

B g(Γ, φ) e−αΓ dΓ. (5)

We test the ergodic hypothesis in Edwards’ ensemble by
comparing eq. (5) with the corresponding value obtained
with MD simulations averaged over (250) sample packings,
Bi, generated dynamically:

〈B(φ)〉dyn = 1

250

250∑
i=1

Bi. (6)

The comparison is realized by measuring the aver-
age coordination number, 〈Z〉, the average force and the
distribution of interparticle forces. Figures 4(a) and (b)
show that the two independent estimations of the coor-
dination number agree very well: 〈Z〉ens = 〈Z〉dyn. We
calculate 〈F 〉ens and 〈F 〉dyn and find that they coincide
very closely (see fig. 4(c)). The full distribution of inter-
particle forces for jammed systems is also an important
observable which has been extensively studied in previ-
ous works [4,25,26]. The force distribution is calculated
in the ensemble Pens(F/F ) by averaging the force distri-
bution for every configuration in the PES. Figure 4(d)
shows the distribution functions. The peak of the distri-
bution shown in fig. 4(d) indicates that the systems are
jammed [4,25,26]. Besides the exact shape of the distribu-
tion, the similarity between the ensemble and the dynami-
cal calculations shown in fig. 4(d) is significant. The study

Fig. 4: (Color online) (a) The blue ◦ is the average coordination
number 〈Z〉dyn obtained by 250 independent MD simulations.
The red ◦ is the coordination number 〈Z〉ens calculated by the
ensemble for different volume fractions. Agreement between
both measures supports the concept of ergodicity in the system.
(b) The same as (a) but in a log-log plot. The blue ◦ shows
the power-law relations for 〈Z〉dyn−Zc vs. 〈φ〉dyn−φc for
the 30-particle system with φc = 0.6077 and Zc = 5.82. (c)
Comparison of 〈F 〉dyn and 〈F 〉ens for different volume fractions.
(d) The comparison of selected distribution of force Pdyn(F/F )
and Pens(F/F ) for different volume fractions.

of 〈Z〉, 〈F 〉 and P (F/F ) reveals that the statistical ensem-
ble can predict the macroscopic observables obtained in
MD. We conclude that the idea of “thermalization” at an
angoricity is able to describe the jamming system very
well.

Thermodynamic analysis of the jamming
transition. – So far we have considered how the angori-
city determines the pressure fluctuations in a jammed
packing at a fixed φ. The role of the compactivity in
the jamming transition can be analyzed in terms of the
entropy which is easily calculated in the microcanonical
ensemble from the density of states. Figure 5 shows
S = ln(Ω(p, φ)) (Ω is the number of states which is
the unnormalized version of g(Γ, φ)), which is the non-
equilibrium entropy of the system at the given (p, φ) in
phase space. By the definition of angoricity A= ∂Γ/∂S
and compactivity X = ∂V/∂S, we have

∂S

∂ ln p
= p
∂S

∂p
=Γ
∂S

∂Γ
=
c1

A
, (7)

∂S

∂ ln(φ−φc) = (φ−φc)
∂S

∂φ
= (φ−φc)∂V

∂φ

1

X
=− c2
X
, (8)

where φ=NVg/V , c1 =Γ and c2 = (φ−φc)(NVg/φ2).
Figure 5 indicates that the jammed system always

remains at the positions of maximal entropy δS = 0 in the
direction (−sin θ, cos θ), perpendicular to the jamming
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Fig. 5: (Color online) The entropy surface S(ln(φ−φc), ln p).
The color bar indicates the value of the entropy. The super-
imposed blue ◦ is 〈p(φ)〉dyn fromMD calculations as in fig. 3(a).
The olive arrow line indicates the maximization direction
of the entropy (−sin θ, cos θ). Following this direction, the
entropy is maximum at the point (ln(〈φ〉dyn−φc), ln〈p〉dyn),
corroborating the maximum-entropy principle.

power-law curve. In order to further analyze this result,
we plot the entropy distribution along the direction
(−sin θ, cos θ) in figs. 6(b)–(d). We see that the entropy
of the corresponding jammed states remains at the peak
of the distributions along (−sin θ, cos θ), verifying the
maximum-entropy principle in this particular direction.
We notice that some deviations are found in the vicinity
of φc. The maximization of entropy is not on Γ or V
alone, but on a combination of both. This means that the
entropy S(ln(〈φ〉dyn−φc), ln〈p〉dyn) is maximum along
the direction of (−sin θ, cos θ) and the slope of the entropy
along this direction (−sin θ, cos θ) is 0 (see fig. 6(a)), that
is,

∂S

∂ ln(φ−φc) sin θ=
∂S

∂ ln p
cos θ. (9)

Thus, we verify the second law of thermodynamics for
jammed systems: δS = 0 at (ln(〈φ〉dyn−φc), ln〈p〉dyn).
We can use this result to obtain a relation between

angoricity and compactivity. We write ln p= ln p0+
aln(φ−φc) where a is the exponent in eq. (3), such that
S(ln(φ−φc), ln p) is maximized at the MD measures
according to the direction of (−sin θ, cos θ) (tan θ=a
is the slope of the power-law curve in the log-log plot
in fig. 5). Since δS = 0 at (ln(〈φ〉dyn−φc), ln〈p〉dyn)
along (−sin θ, cos θ), then (∂S/∂ln p)cos θ− (∂S/∂ln(φ−
φc))sin θ= 0. We obtain c1α+ ac2β = 0 and the relation
between A and X (see fig. 6(a)):

X =−aA(φ−φc)/pφ. (10)

From eqs. (4) and (10) we obtain that X ∝−(φ−
φc)
1+a−γ/φ and near φc:

X ∼−(φ−φc)2. (11)

Fig. 6: (Color online) (a) The representation of the maxi-
mization analysis δS = 0 along the direction (−sin θ, cos θ) for
one point in the jamming power-law curve. Here c1 =Γ and
c2 = (φ−φc)(NVg/φ2). (b)–(d) The distribution of entropy
S(ln p, ln(φ−φc)) along the direction (−sin θ, cos θ) for differ-
ent jamming ensemble points. The blue ◦ are the entropy for
the jammed system which is the maximum of S, verifying the
second law of thermodynamics. We notice that some deviations
are found near φc.

We notice that the compactivity is negative near the
jamming transition. A negative temperature is a general
property of systems with bounded energy like spins [27]:
the system attains a larger volume (or magnetization in
spins) at φc when X→ 0− and not X→+∞ (the bounds
φc � φ� 1 imply that the jamming point at X→ 0− is
“hotter” than X→+∞. At the same time A→ 0+ since
the pressure vanishes).
We conclude that A and X alone cannot play the role of

temperature. Instead, there is an actual “jamming temper-
ature” TJ that determines the direction (−sin θ, cos θ) in
the log-log plot of fig. 5 along the jamming equation of
state. By maximizing the entropy along this direction we
obtain TJ as a function of A and X:

TJ = sin θ
A

Γ
=

a√
1+ a2

A

Γ
∼ (φ−φc)γ−a. (12)

By the definition of “heat” capacity, we obtain two
jamming capacities as the response to changes in A
and X:

CΓ ≡ ∂Γ/∂A∼ (φ−φc)−1 ∼A−2/5, (13)

CV ≡ ∂V/∂X ∼ (φ−φc)−1 ∼ |X|−1/2. (14)

From eq. (13) and eq. (14), the jamming capacities
diverge at the jamming transition as A→ 0+ and X→ 0−.
However, this result does not imply that the transition is
critical since from Einstein fluctuation theory applied to
pressure and volume [27] we obtain (we consider kB = 1
for simplicity)

〈(∆Γ)2〉=A2CΓ ∼A1.6, and 〈(∆V )2〉=X2CV ∼ |X|1.5.
(15)

68001-p5



Kun Wang et al.

Thus, the pressure and volume fluctuations near the
jamming transition do not diverge, but instead vanish as
A→ 0+ and X→ 0−. From a thermodynamical point of
view, the transition is not of second order due to the lack of
critical fluctuations. As a consequence, no diverging static
correlation length can be found at the jamming point
during isotropic compression. However, other correlation
lengths of dynamic origin may still exist in the response
of the jammed system to perturbations, such as those
imposed by a shear strain or in vibrating modes [7,28].
Such a dynamic correlation length would not appear in
a purely thermodynamic static treatment as developed
here. We note though that responses to shear can be
treated in the present formalism by allowing the inverse
angoricity to be tensorial [10]. The intensive jamming
temperature, eq. (12), gives use to a jamming effec-
tive energy EJ as the extensive variable satisfying TJ =
∂EJ/∂S and a full jamming capacity CJ ∼ (φ−φc)−1,
which also diverges at jamming. However, the fluctu-
ation of EJ defined as 〈(∆EJ )2〉= T 2JCJ ∼ TJ has the
same behavior as the fluctuations of volume and pressure,
vanishing at the jamming transition TJ → 0+ (A→ 0+ in
eq. (12)).

Summary. – We have suggested that the concept
of “thermalization” at a compactivity and angoricity in
jammed systems is reasonable by the direct test of ergod-
icity. The numerical results indicate that the full canonical
ensemble of pressure and volume describes the observables
near the jamming transition quite well. From a static
thermodynamic viewpoint, the jamming phase transition
does not present critical fluctuations characteristic of
second-order transitions since the fluctuations of several
observables vanish approaching jamming. The lack of crit-
ical fluctuations is due to the angoricity and compactivity
under isotropic compression in the jammed phase φ→ φ+c ,
which does not preclude the existence of critical fluctua-
tions when accounting for the full range of fluctuations
in the liquid to the jammed phase transition from below
φc. Thus, a critical diverging length scale might still
appear as φ→ φ−c [29,30]. Our results suggest an ensemble
treatment of the jamming transition. One possible
analytical route to use this formalism would be to incor-
porate the coupling between volume and coordination
number at the particle level found in [18] together with
similar dependence for the stress to solve the partition
function at the mean-field level. This treatment would
allow analytical solutions for the observables with the
goal of characterizing the scaling law near the jamming
transition.
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