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Understanding the structural properties of random packings of jammed colloids [1, 2] requires an unprecedented high-resolution determination of the contact network providing mechanical stability to the packing. Here, we address the
determination of the contact network by a novel strategy based on fluorophore
exclusion of quantum dot nanoparticles from the contact points. The key aspect
of the method is to go beyond current approximate determination of contacts
and use fluorescence labeling schemes on particles inspired by biology and biointerface science in conjunction with fluorophore nanoparticle exclusion at the
contact region. The method provides high-resolution contact network data that
allow us to measure with unprecedented accuracy structural properties of the
colloidal packing near marginal stability. We determine scaling laws of force
distribution, soft modes, correlation function and state equation of coordination
number and free volume that define the universality class of jammed colloidal
packings and can be compared with theoretical predictions [3–12]. The contact
detection method opens up a promising field for future experimental testing of
theoretical predictions in the complex world of jamming and glass physics.
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The problem with the experimental investigation of jammed colloidal systems is that it is difficult to look inside the particulate packing. This represents a serious issue, especially from a
theoretical point of view. While there has been recent theoretical advances that provide a fresh
view to the long-standing packing problem — including replica theory from spin glasses, constraint
satisfaction problems, geometrical and force ensembles — most of these theories are built from
the bottom up [3–12]. That is, the experimental test of these theories requires full information
of the contact network at resolution high enough to resolve the fragile contacts at the state of
marginal stability observed at the jamming transition. For instance, important theoretical predictions concern observables like coordination number (number of contacting particles), the scaling
of the small-force distribution and geometrical order parameters that require exact determination
of the contact between two particles. While methods exist, such as X-ray tomography, to provide
insight into large grains [13, 14] (having diameter sizes of the order of mm) they have not been
applied to the exploration of jammed matter on the colloidal length scale. Even when detailed
studies of colloids [15] and jammed emulsions [16–19] under confocal microscopy have been done,
the resolution obtained thus far in deep imaging of dense jammed systems is limited by diffraction
and contributions from out of focus light that limit the contact determination (see below). Better
resolution is required if one wants to determine whether two particles are in contact at the fragile
marginal stability state of colloidal packings near the jamming transition. Here we use the fluorophore exclusion of quantum dot nanoparticles at the contact points to determine the contact
network with unprecedented higher resolution.
We consider a colloidal system of fluorescence silica microspheres of diameter 5.06µm ± 0.44
(SiO2 -NH2 , manufactured by Bang Laboratories) within a glycerol-water solution that matches
the refractive index of silica spheres (SI Section I A). A formulation of polyethylene glycol (PEG)
coats the surface of the microspheres to produce short-range steric repulsive interactions [20]. The
absence of adhesive forces allows particles to move freely and to pack randomly.
Quantum dots (QD) nanoparticles (QD655-PEG-NH2 , cylindrical shape, approximate size 8×15
nm with a narrow emission peak in the red, 600–700nm [21]) are suspended in solution to measure
the exclusion zone in the contact gap between particles (SI Section I B and I C). For added precision
a control is introduced in the form of a second dye fluorophore-multiarm-PEG (8-arm-PEG20,000 AlexaFluor488 R , green emission bandwidth 515–555nm) that is grafted to the surface of the silica
particles (Fig. 1a). The system is centrifuged for 20 min to produce a jammed packing of colloidal
particles (SI Section I D). The Alexa-Fluorophores (AF) form distinctive rings around the packed
particles in confocal microscopy as seen in previous experiments [16–19] and reproduced in our
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system in Fig. 1b.
The contact detection method consists in probing the exclusion of QD nanoparticles from the
contact gap when two colloidal particles become in close contact in tandem with monitoring the
emission of AF at the surface of the particles (SI Sections I E and I F). As shown schematically in
Fig. 1a for two contacting particles, due to exclusion of QDs at the contact gap, the absence of
signal intensity emanating from the region in-between colloidal microspheres correlates with the
size of the space from which the QDs are excluded and thus provides a measure the contact gap
[22] in a process that we call fluorophore exclusion. We note that, technically, we are not measuring
the size of QDs as in super-resolution Stimulated-Emission-Depletion (STED) techniques [23, 24].
Instead, we measure the fluorescence signal exclusion from QDs and correlate it with the gap
between particles.
Confocal images capture the fluorescence of both dyes, QDs (red) and AF (green), simultaneously in different channels. Figures 1b and 1c show complete 3D images from both channels.
Figures 2a-c exemplify, for three characteristic cases of contacts, the intensity profile of Alexac−c
) along the line between the centers of nearest neighbor particles (yellow line, c-c)
Fluorophore (IAF
⊥ ) along the direction perpendicular (p-p) to the line between
and the intensity profile of QDs (IQD

the particles as sketched in Fig. 2a, left panel. Varying quantum yield profiles mean AF and QDs
contribute different amounts of photons to their respective images.
For instance, Fig. 2a shows the case of well separated particles. In this case two adjacent peaks
c−c
locate the edges of neighboring particles (the green rings of Alexa-Fluorophores). These
in IAF

peaks represent the bounding edges of the inter-particle space or contact gap. The flat profile of
⊥ across the gap between the particles observed in Fig. 2a, right panel, represents
intensity IQD

QDs inside the contact gap that have not experience exclusion due to the large gap between the
particles. In this case, the absence of a contact is unambiguous. We characterize this situation by
measuring the image-contrast, ∆AF to record the difference between the highest AF intensity of the
two peaks and the trough separating them (see Fig. 2a, right panel). Thus, when the contact gap is
c−c
well above the diffraction limit, the two peaks in IAF
are differentiable and ∆AF > 0. Monitoring

∆AF gives us a first approximation of the possibility of a contact. As ∆AF → 0+ , the size of the
contact gap becomes unresolvable below the diffraction limit, and the two peaks convolve into a
single peak.
In the case shown in Fig. 2b, the AF-detected contact gap disappears, ∆AF = 0, and neighboring
c−c
particles seemingly touch. However, the emergence of a single peak in IAF
does not necessarily

means that a contact has been established. It just means that the diffraction limit of resolution
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c−c
for green fluorescent IAF
has been reached and the rings cannot be resolved anymore. This limit
⊥ across
occurs at 0.23µm (see Fig. 2d). For instance, in Fig. 2b, we still find a flat profile of IQD

the gap as in Fig. 2a, and therefore we identify this case as a non-contact, even though the rings
are touching, ∆AF = 0. In this case, the inter-particle contact in Fig. 2b is still large enough to
accommodate QDs, and therefore, even though the rings have merged, ∆AF = 0, the particles are
not in contact. Thus, monitoring the fluorescence from the AF rings alone as done before [16–18]
would give a false positive contact in this case.
The signature of a well-resolved contact is the emergence of the QD fluorescence exclusion seen
⊥ measured by ∆
in Fig. 2c. This occurs when ∆AF = 0 and there appears a dip in IQD
QD at the

interparticle contact point (see Fig. 2c, right panel). At this point, the contact gap is smaller
than 0.23µm. Figure 2d shows the values of the image contrast, ∆AF and ∆QD , for different pair
of particles in the packing as a function of the size of their respective contact gaps. The position
marked as ∆AF = 0 at a contact gap 0.23µm determines the limit of resolution of the AF rings
⊥
[16–18]. A higher contact resolution is achieved by monitoring the emergence of the dip in IQD

(see SI Section II for test of contact detection method).
Next, we employ this contact detection method to determine with high accuracy the contact
network of jammed colloidal packings. It is a theoretical finding that the jamming and glass
transitions may have a common physical explanation [6, 9–12, 25–27]. The emerging unifying
laws are condensed in a set of key observables characterized by critical scaling exponents, whose
experimental test requires to resolve the contact networks with very high precision to differentiate
true contacts from nearby particles. These contacts contribute greatly to the marginal stability
of the jammed colloids that materializes into scaling laws for small forces, soft modes and near
contact pair correlation function [6, 9–12, 25–27]. Here we offer the opportunity to access those
key physical observables thanks to the unprecedented determination of the contact network shown
above.
We analyze colloidal packings A, B and C (Table I) and for each of them we measure the interparticle force distribution, the pair correlation function, the vibrational density of states and the
equation of state relating coordination number and volume fraction. Theoretically, at the jamming
transition, the force distribution P (f ) decays algebraically for f → 0+ as:
0

P (f ) ∼ f min(θ,θ ) ,

(1)

where the exponents θ and θ0 describe, respectively, localized and delocalized excitations [9–12, 27].
Mean field theory of hard sphere glasses in infinite dimensions predicts only the value of the
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N

z

φ

θ0

γ

1/(2 + θ0 ) [10]

A

1393

7.57

0.66(8)

0.110(5)

0.42(2)

0.474(1)

B

1263

6.79

0.62(4)

0.143(4)

0.62(2)

0.467(1)

C

1486

6.64

0.64(7)

0.170(6)

0.75(3)

0.461(1)

Packing

TABLE I: Average coordination number z, packing density φ, scaling exponent θ0 of the weak force distribution, and scaling exponent γ of the small gap distribution, and scaling relation γ > 1/(2 + θ0 ) [10] for the
three packings considered A, B and C. N is the number of particles with centers inside the field of view.

exponent θ0 ∼ 0.42311 [12], since in infinite dimensions, where the mean field theory has been fully
developed, there are no localized excitations. To adhere as much as possible to the theory, in this
work we measure only the exponent θ0 by excluding localized excitations as prescribed in [28]. The
profiles of the force distributions are shown in Fig. 3a (see SI Section III for full details of the
calculations). We obtain values of θ0 ranging from 0.11-0.17 for the three packings (Table I).
The exponent θ0 (as well as θ) is tightly related to another critical exponent, which controls the
behavior of the pair correlation function g(r) for r ∼ D, where D is the diameter of the particles.
Specifically, the following scaling law holds true:
g(r) ∼ (r/D − 1)−γ ,

(2)

for r → D [29]. Indeed, the exponents γ and θ0 satisfy the inequality γ ≥ 1/(2 + θ0 ), which is a
consequence of the marginal stability of the jammed packing [10]. The values of the exponent γ for
the three packings are reported in Table I, and the profiles of the g(r) are shown in Fig. 3b. With
our values of γ and θ0 we find that packings B and C satisfy the theoretical bound, while packing
A does not. The reason is that A turns out to be hyperstatic and, therefore, it is not supposed to
satisfy the bound (we elaborate on this point below). The theoretically predicted mean-field value
of the exponent is γ = 0.41269 [12], which is outside the numerical errors of our measured values
for packings B and C, and agrees with packing A.
The knowledge of the contact network is also pivotal in determining the vibrational density of
states of the packing and the concomitant soft modes [4, 10, 11, 30] obtained from the dynamical
matrix M̂ :
Mij = −δhiji~nij ⊗ ~nij + δij

X
k∈∂i

~nik ⊗ ~nik ,

(3)

where δhiji = 1 if particles i and j are in contact and equals zero otherwise, and the ~nij ’s are the
unit contact vectors from particle i to particle j. The density of states D(ω) is defined as the
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distribution of the square root of the eigenvalues of the matrix M̂ (SI Section III). In Fig. 3c we
show the function D(ω) for the three packings. We find that the density of states for packing B
and C shows an excess of low frequency modes (a flat profile as ω → 0) as compared to a crystalline
solid, also know as the ”boson peak” in the glass literature [9] which is typical of marginally stable
jammed packings. The situation is again different for packing A, which is discussed below. We
also obtain the equation of state in the packing fraction-coordination number plane (φ, z), shown
in Fig. 3d, along with the theoretical prediction for this quantity [7].
Our results can be rationalized as follows. Ideally, for an isostatic packing of hard spheres in 3D,
the average coordination number is z = 6 [8, 9]. However, our colloidal particles are not perfectly
spherical including a small fraction of nonspherical particles visible in Fig. 1b, c and the effect of
asphericity is to increase z. Hence, in our jammed colloids we expect the average coordination to be
larger than six. In packings B and C we find similar values for z: z B = 6.79 and z C = 6.64 (Table
I), and an excess of low-frequency modes in Fig. 3c, so that B and C can be reasonably considered
to be close to marginally stable. On the contrary, for A we find z A = 7.57, which is significantly
larger than z B and z C . Furthermore, the profile of its vibrational density of states DA (ω) shows
a drop at low frequencies (Fig. 3c), indicating a possible Debye’s deviation. Therefore, packing
A can be considered to be away from marginally stable. This might be caused by an excessive
compression of particles that are not perfectly hard due to the functionalization of PEG grafted at
the surface of the silica particles. In fact, in our experiment, the system is subjected to a uniaxial
compression in centrifugation, which can slightly deform the grafted PEG, thus closing the gaps
and increasing the number of contacts (as compared to perfect hard spheres).
In turn, closing more contacts decreases the amplitude of the possible displacements of the
particles, or, in other words, increases the frequency of their vibrations. This causes a depletion
of the low-frequency modes with consequent population of the high frequency ones, which is the
effect visible in Fig. 3c in Packing A. Also, the force distribution PA (f ) (Fig. 3a) shows an excess
of large forces and a deficit of small forces as compared to PB (f ) and PC (f ). Again, this can be
explained as a consequence of the compression and a surplus of contacts of the packing, since, by
closing more contacts, weak forces become more rare, while larger forces become more probable.
Finally, the pair correlation function gA (r) (Fig. 3b) is slightly shifted towards the left as compared
to gB (r) and gC (r), meaning that smaller gaps are found with lesser probability in Packing A. In
light of all these findings, we suggest that Packing A is hyperstatic, and consistently, A is the only
one violating the bound γ ≥ 1/(2 + θ0 ), which, in fact, is valid only for isostatic packings.
Our experiments show that QD fluorescence exclusion proves effective at locating inter-particle
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contacts in packing of colloidal particles. The fundamental importance of this general method in
the physics of jammed systems is indicated by the necessity of resolving inter-particles contacts
at very high precision in order to test theoretical predictions close to the marginal stable state,
and because these contacts may be used in rigorous computations of force distribution, yield stress
and stability of packings. The fact that fluorescence (not size) of QD is what is being measured
implies that any fluorophore probe could be used to resolve the inter-particle space. In particular
smaller probes could be tried to improve the resolution beyond that considered here. Moreover,
the present method opens up also a promising experimental field for future studies on packing of
non-spherical particles [2].
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FIG. 1. Contact detection method. (a) Schematic diagram of exclusion zone detection
of contact with Qd655-PEG-NH2 (quantum dots QD) nanoparticles in solution and silica microspheres functionalized with 8-arm-PEG20,000 -AlexaFluor488 (Alexa-Fluorophore AF) conjugates
at the surface [20]. Top panel: the method measures the reduction of fluorescence at the contact
point due to the physical exclusion of QD nanoparticles to determine the contact gap. (b) 3D
confocal images of the packing. Green fluorescence from AlexaFluor488 (AF) shows the rings surrounded the silica particles, as has been considered before [16–19]. (c) Fluorescence from only the
Qdot655-PEG-NH2 QDs suspended in the aqueous solution.
FIG. 2. Typical cases of fluorescence at particle contacts. (a) Contact gap > 230nm,
non-contact. Contact gap is the region of space between the edges of nearest neighboring particles
that is found along the line between particle centers. The edges of neighboring particles are
detected by peaks in green fluorescence from Alexa-Fluorophore (AF). Image-contrast along cc, ∆AF , monitors the distance between peaks and the size of the contact gap by measuring the
difference between the maximum peak intensity and the trough separating the two peaks. Co⊥ , measures the (in this case, absence of) fluorescence dip in the
localized intensity along p-p, IQD

exclusion of QD at the contact gap along p-p. This case is a clear non-contact: ∆AF > 0. (b)
Contact gap < 230nm, false positive for AF green fluorescence rings. A single peak
in AF reveals that the contact gap is smaller than the diffraction limit when ∆AF → 0, but not

⊥ is still flat. Thus, this case would be
small enough to exclude QDs of size ∼ 15nm because IQD

a false positive contact if we were to use only the fluorescence AF rings to identify the contact as
done previously [16–18]. (c) Contact gap < 230nm, true contact under QD resolution. A
dip in the fluorescence from QDs (∆QD 6= 0) indicates exclusion of QDs. This is in addition to a
single peak in fluorescence from AF (∆AF = 0). (d) Average fluorescence image contrast from AF
and QDs, ∆AF and ∆QD , of pairs of silica particles located at various contact gaps as indicated.
The two rings in green fluorescent become indistinguishable below the diffraction limit at 0.23µm.
Below this limit, ∆QD 6= 0 identifies contacts which have excluded QDs from the contact gap.
In this packing we find 12.6% of false contacts below 0.23µm. Error bars represent std over the
considered contact points.
FIG. 3. Physcal results.

(a) Log-log plot of the inter-particle force distribution for the

three packings A, B and C (error bars are s.e.m. and are of the same size as symbols size). The
straight lines are the result of fits of the weak force tails. The values of the corresponding scaling
exponent θ0 are also reported. (b) Main panel: pair correlation functions for the three packings.
Inset: log-log plot of g(r) close to r ∼ D. The straight lines are the results of a fit of the small gap
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region. The values of the corresponding scaling exponent γ are reported in the upper right corner.
(c) Vibrational density of states D(ω) for the three packings. Packings B and C show an excess
of soft modes typical of marginally stable jammed packings. Packing A has a different behavior
in that it shows a deficit of soft modes (see discussion in main text). (d) Equation of state for
local per-particle φ vs local z (blue open circles). The black curve is the theoretical prediction [7].
The three points correspond to the global volume fraction and average coordination number of the
three packings.
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I.

EXPERIMENTAL SYSTEM
A.

Silica microparticles

The experimental system consists of a suspension of ∼ 5µm fluorescent silica particles within
an aqueous colloidal dispersion of quantum dots. A proprietary formulation of polyethylene glycol
(PEG) coats the surface of the silica particles (as well as quantum dots) to prevent them from
flocculating or coagulating (Fig. 4). The short-range steric repulsion created by the PEG polymercoating results in steric stabilization.
Asakura and Oosawa [22] discovered the existence of attractive forces created by the depletion
of polymer between colloidal particles. These forces are called attractive depletion forces. One
might expect to see similar attraction between silica particles due to the depletion of quantum
dots from contacts. However, ∼ 5µm silica particles are nearly 1000x larger than the QD655
quantum dots (8x15nm). This size-differential negates curvature in the silica particles’ surface.
For all intents and purposes, a silica particle’s surface is planar with respect to the quantum dots.
The requisite osmotic pressure gradient for attractive depletion forces vanishes with negligible
curvature. Moreover, the massive size of silica particles precludes any weak attractive forces from
overcoming much stronger gravitational forces.
In summary, PEG grafted to the surface of both silica and quantum dots produces short-range
steric repulsive interactions between all particles: quantum dot to quantum dot, quantum dot to
silica, and silica to silica. The absence of adhesive forces allows particles to move freely and to
pack randomly.

B.

Fluorescence and high-resolution

Quantum dots (QDs) are nanoparticles with especially high quantum yield and photostability
that are composed of a semiconducting metal core (usually CdSe or CdTe) encased in another
semiconductor like ZnS. QD’s core-shell assembly, which is usually less than 10nm in diameter, is
also hydrophobic. Therefore, a hydrophilic polymer, like polyethylene glycol (PEG), is attached to
the surface to enhance water solubility, prevent aggregation, and reduce nonspecific adsorption of
QDs [31]. The hydrodynamic radius of the final QD is roughly 8x15nm [21].
Fluorescence is indicative of a fluorophore’s presence. Because the diffraction limit of a confocal
microscope is approximately 200nm, quantum dots and smaller fluorophores, like AlexaFluor (size
∼ 1nm), are too small to be seen in great detail. However, if the position of a fluorophore is known,
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then fluorescence also resolves the size of small features in a specimen that are adjacent or directly
attached to a fluorophore.
Our contact detection method is based on co-localized fluorescence with size exclusion: the absence of fluorescent molecules from space in-between larger particles indicates the size of the space
from which they are excluded [22]. For added precision in measurement of the exclusion zone, a control is introduced in the form of a dye fluorophore-multiarm-PEG (8-arm-PEG20,000 -AlexaFluor488,
green emission bandwidth 515–555nm) that is attached to the surface of the colloidal particles to
form the characteristic rings seen in previous experiments.
Fluorophore exclusion requires robust fluorophores with narrow and distinctive emission spectra.
Quantum dots possess such qualities and are therefore suitable choices for suspended dyes needed
for fluorophore exclusion. In addition, molecular-sized AlexaFluor R 488 NHS Ester (Succinimdyl
Ester) (henceforth represented as Alexa488, or AF), which has a narrow fluorescent peak in the
green, is attached to the surface (Figs. 4 and 5a). Qdot R 655 ITKTM Amino (PEG) Quantum
Dots (henceforth written as QD655 or QD) with a narrow emission peak in the red, are suspended
in solution (Fig. 5b). Because the excitation spectra of both dyes overlap, as illustrated in Fig. 6,
a single 488nm laser excites both dyes to fluoresce simultaneously. The amount of fluorescent dyes
used ensures that both the particles’ surface and the background solution are brilliantly fluorescent.
Confocal images capture the fluorescence of both dyes simultaneously in different channels with
narrow detection bandwidths to eliminate the “cross-talk” between signals and increase signal-tonoise ratio in each image.

C.

Surface-functionalization of silica microspheres

The following reagents are used in surface-functionalization of silica microspheres and QDs.
• 5.06µm ± 0.44 SiO2 -NH2 , manufactured by Bang Laboratories, Inc.
• AlexaFluor R 488 NHS Ester (Succinimdyl Ester), manufactured by Life Technologies, Inc.
• Qdot R 655 ITKTM Amino (PEG) Quantum Dots, manufactured by Thermo Fisher Scientific,
Inc.
• Bis(succinimidyl) nona(ethlyene glycol), manufactured by ThermoFisher Scientific, Inc.
• 8-Arm, amine-terminated polyethylene glycol star-polymer at 20kDa, manufactured by
Nanocs, Inc.
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The reactions are outlined in Fig. 7. All chemistry is done at pH 7.4 in aqueous phosphate
buffered saline solution, PBS(aq). The silica particles are suspended in PBS (aq) solution and
washed by centrifugation. The washed particles are resuspended and reacted with Bis(succinimidyl)
nona(ethlyene glycol) for 20-30 minutes with stirring. The product is washed again by centrifugation several times, resuspended in PBS(aq), and reacted with 8-Arm PEG star polymer with stirring
for 45-60 minutes. The PEG star polymer effectively increases the number of NH2-binding sites on
each silica microsphere 8x. A liberal coating of amphilic 20kDa PEG suppresses hydrophobicity of
the particles’ surface, prevents aggregation between particles, and thwarts all forms of non-specific
adsorption of fluorophores directly onto the particles’ surface. The 8ArmPEG-functionalized silica
particles are washed by centrifugation and resuspended in PBS(aq). Alexa488 is conjugated with
stirring for 20-30 min to finally form sterically-stabilized fluorescent silica particles. To visualize
optical sections deep within the packing, the refractive index of the packing must be matched with
refractive indices of the coverglass and objective lens (η = 1.518). Therefore, a stock solution of
glycerol is prepared within the aqueous solution for index matching.

D.

Sample preparation

As illustrated in Fig. 8, the fluorescent microspheres are added to 10µL wells on a glass slide
and suspended in a glycerol-water solution that matches the refractive index of the glass slide (η
= 1.518). A Péclet number of ∼329 ensures the particles settle and compact. Nevertheless, the
particles are centrifuged on the glass slide for 20min using an Eppendorf centrifuge model (model
5804R). Because they have been found to segregate from the microspheres during centrifugation,
QDs are added after centrifugation to obtain a final concentration of 2.4 M in each well. The
compacted particles in each well are finally covered with a second glass slide and imaged with
a Leica SP2-AOBS confocal microscope using a 63x/NA1.4 − 0.06 oil immersion objective lens
(type HCX PL APO). Due to this added process of manipulation after centrifuging, the centrifugal
speed is not a reliable control parameters for the final state. Pinhole size is set to 1.000395 Airy
units. A 488nm Argon laser excites both Alexa488 and QD655 to fluoresce. Separate channels
detect and record the fluorescence of each dye at respective band widths of 515-555nm and 600700nm for Alexa488 and QD655. 196 optical sections, or z-cross-sectional-images, of thickness
0.285µm are simultaneously acquired in each channel at 4x digital zoom. An 8-bit digital image of
each optical section is comprised of 1024x1024 pixels prepared from averaging 2 measurements of
fluorescence per line of pixels. Each optical section of the 3D image is 59.5µmx59.5µm and pixel
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size is 0.0581µm. Figure 1 shows complete 3D images from both channels.

E.

Particle center location algorithm

Particle center location is explained next. We note that from particles centers and radii is not
possible to obtain a direct measurement of the contact point with high resolution. Particle centers
c−c
⊥
are only use to define the line c-c joining the centers to calculate the intensity profiles IAF
and IQD

across the perpendicular plane p-p. Particle-tracking is implemented in MATLAB using several
built-in functions available on MATLAB’s image-processing and parallel-computing toolboxes.
Each 3-dimensional confocal image of a packing is composed of stack of several optical/crosssectional images. Gaps between optical sections cause spherical particles to appear ellipsoidal.
Linear interpolation corrects this misrepresentation of particle morphology by augmenting the
number of optical sections to match resolution in the lateral (xy) image plane.
For instance, the packing named as A in the main text is comprised of 196, 1024x1024 confocal
images. The 196 optical sections are equally spaced at 0.2835µm for a total of 55.56µm, and each
1024x1024 optical section is 59.52µmx59.52µm. The smallest 3D pixel or voxel in the image has
dimensions (59.52/1024)x(59.52/1024)x(55.56/1024) or 0.05812x0.05812x0.2835µm. Linear interpolation increases the number of optical sections to 955. The effective optical resolution in z of
55.56/955 or 0.0585µm now closely matches lateral resolution at 0.05812.
3D images of the packing are convolved with an image-processing kernel, Ikernel , adopted from
available particle-tracking software [33–35]. The convolution is simply the product of Fourier
transforms of Ikernel with either intensity IAF or IQD [both are simply represented as I in equation
(4)]:

Iedited (x, y, z) = F −1 {Ib ∗ Ibkernel },

(4)

where, Ib = F{I(x, y, z)} and Ibkernel = F{Ikernel (x, y, z)}, and
1
Ikernel (x, y, z) =
B

w
X

 2

i + j 2 + k2
A(x + i, y + j, z + k) exp −
.
4λn 2
i,j,k=−w

B=

w
X

i=−w

exp − i2 /4λn 2

3

,

(5)

(6)
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where x and y identify the position of each pixel in an optical section located at z. Correlation
length λn = 1 pixel. This accounts for variations between pixel values of the image. These variations
are essentially background noise. Ikernel reduces noise by attenuating irregularly high-valued pixels
while preserving the pixel-values representing the edges of particles. This helps to identify particles
centered around dark regions in both IAF and IQD .
The Hough transform is well suited for locating particles depicted as hollow fluorescent spheres
in IAF . The Hough transform generally locates the center of a sphere or circle using look-up
tables to search for a center and radius that matches those in the image [36]. However, the Hough
transform most effectively manages images with only a handful of circles or spheres [37, 38]. An
experimental packing is a more convoluted 3D image of fluorescent spheres having polydispersity
and spherical defects. This requires massive look-up tables. Furthermore, empty spaces surrounded
by fluorescence may be misinterpreted as particles, as seen in Fig. 9. This requires versatility not
afforded by the Hough transform. Limited versatility and enormous memory-allocation prohibit
effective implementation of the Hough transform in particle-tracking on IAF .
Particles occupying the darkest spaces in IQD become bright spheres in the normalized inverted
image, Inorm .

Inorm (x, y, z) =

max(Iedited ) − Iedited
.
max(Iedited ) − min(Iedited )

(7)

The brightest areas with values close to unity represent a first approximation of the centers
of particles. Variation in intensity of fluorescence surrounding each particle befuddles efforts to
identify all particles in the packing using a single mask image as done in previous particle tracking
software [34, 35]. Instead, multiple mask images are tailored to match fluorescence of each particle
and thereby locate particles at sub-pixel precision.
The mask image of each particle fits best with a 3D sphere-spread-function, ISSF , given by
equation (8), below. ISSF is a 3D adaptation of the mask image used in Shattuck’s particletracking software [33]. ISSF,0 is an offset accounting for variable intensity in background fluorescence
surrounding each particle. Pre-factor K defines the maximum height of ISSF . D and w represent
different components of a particle’s diameter with D depicting the steady signal at the center of
the particle and w monitoring descent in the steady signal from a particle’s center to its edges.

"
K
1 − tanh
ISSF (x, y, z) =
2

p
| (x − x0 )2 + (y − y0 )2 + (z − z0 )2 | −
w

D
2

!#
+ ISSF,0 .

(8)
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Particles tracking begins with the construction of a mask image for one particle. Linear profiles
are acquired along several diagonals passing through the approximate center of the selected particle.
Unique values of K, D, w, and ISSF,0 are found by nonlinear regression of the average linear
∗ , computed from these unique values
profiles with equation (8). The generalized mask image, ISSF

is then convolved with Inorm to form a 3D convolution image Iconv .
∗ . ThreshIconv is divided into rectangular sections equal to or slightly larger than the size ISSF

olding identifies the correlation peaks larger than roughly 99% of the maximum value in each
∗
rectangular section. Only threshold values separated by at least the size of ISSF
are retained. To

verify remaining threshold values lie on particles in Inorm , χ2

χ2 =

X

∗
[Inorm − ISSF
]2

(9)

∗
is calculated as the sum of the difference between mask image ISSF
and whatever occupies the same

space in Inorm that is centered around the location of the threshold value. Adjusting the location
∗ . I∗
2
of the threshold value repositions ISSF
SSF is continually moved to minimize χ and locate the

centers of particles in the Inorm .
One pixel in the 3D image is 0.0581µm. This translates into roughly 86 pixels for a 5µm
particle. Each computation of χ2 sums the differences for roughly 863 pixels. The massive size
prohibits calculating χ2 at all positions around the threshold value. Instead, a Monte Carlo routine
∗
repositions ISSF
and calculates χ2 at random locations inside a shrinking spherical volume of pixels

that converges on a particle’s center to find a first approximation of the location of a particle in
Inorm at pixel resolution.
Nonlinear regression of the average linear profile acquired at the final position finds new values
for parameters K, D, w, and ISSF,0 . These new values construct a new mask image ISSF,i that is
tailored to fit the image of a specific particle i in Inorm . Particles mostly have similar values of K,
D, w, and ISSF,0 . Incongruous values identify errors in particle tracking. Mask images associated
with these irregular values are deleted. The remaining mask images undergo a second Monte Carlo
routine using a smaller volume to identify the location of particles at sub-pixel precision.
Finally, all the particles located in this 1st pass of the particle tracking are subtracted from
Inorm . The particle tracking process then repeats until locating all remaining particles in Inorm .
The first iteration of particle tracking locates roughly 400 particles out of approximately 1500
particles. Subsequent iterations identify fewer particles. A total of 6 or 7 iterations are needed
to locate all particles. With the knowledge of the center of the particles and their radius, several
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geometric quantities can be calculated to characterize the packing such as the pair correlation
function g(r) and the Voronoi volumes associated to each particle as seen in Fig. 10a. However the
determination of z, P (f ) and D(ω) via the contact network has to be processed via fluorophore
exclusion to achieve the required resolution.

F.

Contact detection method

Two set of 3D images are simultaneously acquired in different fluorescent channels.
Each fluorescent channel uses a photomultiplier tube (PMT) with a unique transfer function
that converts photons detected into relative intensity in the image. Gain rescales intensity and
adjusts brightness by either increasing or reducing the number of pixels close to the maximum
value. Offset modifies relative intensity by reseting the null-value. Determining each PMT’s
transfer function is a signal processing problem that is beyond the scope of experimental study
presented here [39–41]. Despite intrinsic differences, the final 3D images of both channels have
the same bit-depth and comparable scales in relative intensity with respect to background signal.
Background signal in the absence of fluorescence is an irrefutable commonality and reasonable
metric for assessing comparability between different PMT channels. Ideally, signal vanishes in the
absence of fluorescence. Therefore, any detectable signal is more closely associated with intrinsic
noise. For this experiment, the offset was intentionally set to zero for both PMT channels to ensure
that no portion of intrinsic noise is excluded from the background signal.
As seen in Fig. 11, background signal is measured at the centers of particles, which are devoid
of both Alexa488 and QD655. We find essentially the same background signal in the image plane,
with no trends in x- or y-directions. No significant spatial variability exists in background signal
from either channel. The absence of any observable spatial variations in intrinsic noise indicates
reasonable, 1-to-1 comparability between 3D images of Alexa488 and QD655.
c−c
⊥ , are extracted from the line between the centers of nearest
Intensities profiles, IAF
and IQD
c−c
neighbors c-c and along the perpendicular plane p-p, as shown in Fig. 2. Adjacent peaks in IAF

locate the edges of neighboring particles. These peaks represent the bounding edges of the inter⊥ across the contact gap represents quantum dots
particle space or contact gap. A flat profile IQD

inside the contact gap.
Contacts below the diffraction limit (∆AF → 0) with contact gaps with exclusion of QDs
(∆QD 6= 0) have a single peak in Alexa488 and a co-localized dip intensity from QDs as shown
in Fig. 2 and extensively discussed in the main text. Typical obtained contact network is shown
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in Fig. 10b. Measured values z̄ are consistent with other values reported in experiments of hard
sphere packing [13, 15].

II.

ERROR ANALYSIS FOR φ AND Z AND SENSITIVITY OF CONTACT
DETECTION ALGORITHM TO EXPERIMENTAL ERRORS

The error in the determination of φ is obtained as follows: Figure 12a shows a particle and
its neighbors viewed from 3 different angles. The nearest peak of the rings in IAF between a
particle and its neighbors identifies the edges of a particle. By definition, the distance between the
center of a particle and its fluorescent edges is the radius of the particle. Radial measurements
for particles located at nearly the same z-position and therefore visible in experimental image are
colored colored yellow, blue, and red in Fig. 12b. Radial measurements from all others neighboring
particles that are farther away are drawn as grey.
Figure 13 plots intensity profiles for Alexa488 along lines from the center of the same particle
seen in Fig. 12 to each of its neighbors. The average diameter, r̄, is 5.06µm with a standard error,
se , of ±0.44µm.
Our Voronoi tessellation software uses the average radial measurement for all particles to compute the Voronoi volume, Vvoro (r¯i ), of each ith particle. Local packing density (φ) is simply the
quotient of each particle’s volume and the volume of it’s Voronoi region [i.e., φ = 4/3π r¯i 3 /Vvoro (r¯i )].
Equation 10 calculates the global packing fraction φglobal , which is 0.66 ± 0.08, 0.62 ± 0.04, and
0.64 ± 0.07 for packings A, B, C, respectively as shown in Table I:
N
P

φglobal =

4
3 π(r¯i
i=1
N
P

± se )3

,

(10)

Vvoro (r¯i )

i=1

s
where, se =

1
(m−1)2

m
P

(r¯i − ri )2 , and m = number of nearest neighboring particles.

i=1

Regarding the sensitivity of the contact detection algorithm to different experimental errors, we
performed the following analysis. The main source of error into the contact detection algorithm
is the uncertainty in the determination of the particle center to define the center to center line
c-c. When this line is well defined, then the intensities of AF and QD determine whether there
is a contact or not accurately to the level of resolution given by the QD. Thus, to assess the
accuracy of the contact detection algorithm we have performed the following sensitivity analysis
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to propagating errors from the determination of the particles centers to the contact detection. We
note that other quantities like the radii, which are also determined approximately, do not affect
the detection algorithm.
After determining the center of the particles with the methods explained in SI Section I E, we
then create many different packing configurations by perturbing the center locations randomly.
As an upper bound in the error in particle detection we use one pixel size to perturb the particle
center in a random direction. We then recalculate the center to center c-c and perpendicular plane
p-p lines and repeat the contact detection algorithm for each particle in the perturbed packing.
We find that this upper bound in the particle position error does not affect the determination of
the contact point between particles and the number of contacts is thus robust to this experimental
error.

III.

FORCE DISTRIBUTION AND VIBRATIONAL DENSITY OF STATES

To determine the force distribution of the packings, we consider the contact network as determined by the fluorophore exclusion technique, and we resolve the forces at the contact points using
the following method from [4]:
• (i) the force balance equations are imposed as constraints:
X

f~ai = 0

i = 1, . . . , N ,

(11)

a∈∂i

where the notation a ∈ ∂i indicates the set of contact points a around particle i;
• (ii) forces are repulsive, i.e.:
f~ai · d~ia < 0 ,

(12)

where we denoted by d~ia the vector connecting the ith particles position (of its center of
mass) ri and the ath contact on the ith particle;
• (iii) a fixed external force P sets an overall force scale.
Then, we compute the force distribution Pa (f ) at the contact points a by using a simulated
annealing algorithm. In practice, we use a penalty function which disfavors force configurations
that do not satisfy conditions (i) − (iii) above. We choose a quadratic penalty function of the
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following form
2


E=

X

X


a

j∈∂a

2



f~ai  + 

XX
a j∈∂a

|f~ai | − P  .

(13)

Finally, we obtain the mean force distribution P (f ) = hPa (f )i by averaging over all the contacts.
This method for computing P (f ) is the same as the force network ensemble method proposed in [4].
The knowledge of the contact network allows us to compute the vibrational density of states
D(ω) of the packing. This quantity is obtained by computing the spectrum of the dynamical matrix
M̂ , which is defined as:
Mij = −δhiji~nij ⊗ ~nij + δij

X
k∈∂i

~nik ⊗ ~nik ,

(14)

where the ~nij ’s are unit vectors directed from particle i to particle j. The vibrational modes ωi are
√
the square root of the eigenvalues λi of the matrix M̂ , i.e. ωi = λi , and D(ω) is the probability
density function of those ωi ’s.
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FIG. 4: Schematic of the silica particle surface chemistry grafted by PEG. In addition, AlexaFluor488 is
attached to PEG.

a)

b)
FIG. 5: (a) Alexa488 and (b) QD655
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FIG. 6: Excitation and emission spectra for Alexa488 (green) and QD655 (red). Using a 488nm excitation
laser, fluorescence is detected only within emission band filters of 515-555nm and 600-700nm for Alexa488
and QD655, respectively.

FIG. 7: Surface-functionalization of silica microspheres.
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FIG. 8: Sample preparation.

FIG. 9: Section of IAF . The particles and the empty space (circled in yellow) are both surrounded by
fluorescence. Hough transform has difficultly distinguishing between the two.

(a)

(b)

FIG. 10: (a) Voronoi polyhedra for the entire packing. (b) Contact network for the experimental packing.
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FIG. 11: Background signal measured at the center of each particle.

a)

b)
FIG. 12: (a) 3-dimensional schematic of a particle and its neighbors with views in the XY-plane, XZ-plane,
and YZ-plane from left to right. (b) The actual XY-cross-sectional image of the particle and its neighbors.
Colored lines and points identify neighboring particles that are visible in the cross-sectional image.
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FIG. 13: Intensity profile of Alexa488 plotted along lines from the center of a specified particle to each of its
nearest neighbors. Colored lines identity those particles located at similar height/z-position in the packing.
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