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The k-core as a predictor of structural collapse
in mutualistic ecosystems

Flaviano Morone, Gino Del Ferraro and Hernan A. Makse*

Collapses of dynamical systems into irrecoverable states are observed in ecosystems, human societies, financial systems and
network infrastructures. Despite their widespread occurrence and impact, these events remain largely unpredictable. In search-
ing for the causes for collapse and instability, theoretical investigations have so far been unable to determine quantitatively the
influence of the structural features of the network formed by the interacting species. Here, we derive the condition for the sta-
bility of a mutualistic ecosystem as a constraint on the strength of the dynamical interactions between species and a topological
invariant of the network: the k-core. Our solution predicts that when species located at the maximum k-core of the network go
extinct, as a consequence of sufficiently weak interaction strengths, the system will reach the tipping point of its collapse. As a
key variable involved in collapse phenomena, monitoring the k-core of the network may prove a powerful method to anticipate
catastrophic events in the vast context that stretches from ecological and biological networks to finance.

tion in the parameters characterizing the species interactions

causes a large-scale extinction of the species in the system'~'%.
The tipping point at which the system suddenly shifts to the irrecov-
erable state is, for practical purposes, the most important quantity
one wishes to know™>". It is a function of the dynamical and struc-
tural parameters of the system determined by the fixed-point solu-
tion of the nonlinear equations describing the system’s dynamics'.
However, the tipping point is hard to determine, due to the difficul-
ties encountered in solving the nonlinear dynamical equations to
quantify the dependence of the fixed-point solution on the system
parameters and, in particular, on the features of the underlying net-
work of interacting species in the system’**%. Indeed, no exact ana-
lytical result exists, so far, that relates the network properties to the
fixed points of the dynamical system. Here, we first study numeri-
cally the fixed-point equations of a dynamical system of mutualistic
species and then derive the analytical solution to compute the tip-
ping point using a logic approximation. Our solution reveals that
the root cause of the system collapse is the extinction of species
located in the maximum k-core of the network.

The concept of k-core was introduced in social sciences' to define
network cohesion and then applied in many other contexts", including
the robustness of random networks'®, the structure of the Internet'”'*,
viral spreading in social networks", the large-scale structure of brain
networks®, and the jamming transition®'. For a network of interact-
ing species, the k-core is the portion of the network that remains after
iteratively removing from the network all species linked to fewer than
k other species (see Fig. 1a,b and Supplementary Section I; refs '4'¢).
Foragivenk, the subset of speciesin thek-core consists of the periphery,
called the k-shell, and the remaining k+ 1-core; therefore, the k-shell
is the region of the k-core not included in the k+ 1-core (Fig. la).
Thus, the network has a nested structure of k-cores with increasing
k-shells of order k,, starting from the periphery of the network or
1-shell, k,=1, and its 1-core, which includes all the network (except
for isolated nodes). The 1-core contains the 2-core, and so on, up to
the innermost core of the network, which is the maximum k-core
labelled by the ‘k-core number’ k5. The k-core number is a topo-

core
logical invariant of the network’.

Q complex dynamical system collapses when a small perturba-

Model of a mutualistic ecosystem

We consider complex systems populated by N interacting species,
also referred to as network nodes, whose directed interactions can be
graphically portrayed as links in a network via the adjacency matrix
A; such that A;=1 if species i interacts with species j, and A;=0
otherwise. In general A;# A for directed networks. The strength of
the directed interaction from species i to species j is ;. In this paper
we consider the case of mutualistic ecosystems where organisms of
different species cooperate with each other by benefitting from the
activities of the other, such as plants and pollinators. These systems
are characterized by positive interactions between the species, y;> 0.
Dynamical systems with positive and negative interactions, such as
neuron, gene or predator-prey ecosystems, are out of the scope of
the present work and will be treated in a follow-up.

The state of the system is encoded in the multiplet of species den-
sities x(t) = (x,(¢), ..., x5(¢)) evolving in time towards a fixed point
x*, where x*=0 (ref. 2). When the species do not interact (that is,
for y;=0), each species density changes through time as x;(¢) = f,(x;)
» and the fixed points are found by solving f, (x;") =0 for all i. When
the species interact according to y;, x,(t) is influenced by the densities
x,(t) of the species linked to it in the network of interactions. Although
these interactions are generally complex, it is widely recognized that
they saturate when the density of interacting species increases?-*.
This occurs in mutualistic interactions between species in ecosystems,
for which the benefit accorded by one species to another saturates to a
limiting value*. In biology, the expression level of gene products are
modelled by Hill or sigmoidal response functions which saturate at
high concentrations of the interacting gene (Supplementary Section
IT)*. Enzymatic reactions are also modelled by Hill functions in the
Michaelis-Menten equation’® and firing rates of neurons saturate at
high membrane potentials via sigmoidal functions**.

In the following, we treat explicitly the paradigmatic case of
dynamical systems of ecological mutualistic networks, but the
results we obtain hold true for the larger class of nonlinear systems
where a Hill or sigmoidal function models the interactions. A net-
work of mutualistic species describes a system of symbionts obli-
gated to each other because they cannot survive independently*>****;
for example, an ecosystem of plants and pollinators (Fig. 1b).
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Fig. 1| k-core structure of a mutualistic network. a, Schematic representation of a network as successive enclosed k-cores, which are the largest
subgraphs of the network where each species is connected at least to k other species. Species are classified by their k-shell k., which is the value k of the

kmax

higher-order k-core to which they belong. The maximum value kg'e

attainable by k, defines the k-core number of the entire network (

kmax

tore =4 in this case).

b, Schematic example of a plant-pollinator mutualistic bipartite network and the pruning process for extracting the 2-core. At Step 1the full network is a
1-core. Then, we remove all species with degree 1, consisting of the two pollinators in the upper left circles (Step 2). These removals produce a new one-
degree species, which is the yellow plant on the right in Step 2. Thus, at Step 3, we remove this plant as well. The network at Step 3 consists of species of
degree 2 or greater, so the pruning process stops and the result is the 2-core, while the three removed species constitute the k.=1shell. Image credit: Bee

vector drawing.eps from 365PSD.com.

The dynamics of species densities, x,(t), interacting via the network
Aj; with directed and positive interaction strengths y;, is described
by the following set of nonlinear differential equations®-*>*:

N XX
x,(t) = —dxi—sxiz + z A,jy,jNij,

j=1 a+ Y Ak
Here d> 0 is the death rate of the species, s> 0 is the self-limitation
parameter modelling the intraspecific competition that limits a spe-
cies’ growth once x; exceeds a certain value, a is the half-saturation
constant, and y;> 0 is the mutualistic interaction strength between
species i and j, characterizing the strength of the nonlinear inter-
action term. The dynamical parameters ({y,}, d, s, @) have been
extensively discussed in the literature’”>>*. The network is bipartite
between, for example, plants and pollinators (Fig. 1b). Our goal is to
bridge the gap from structure to dynamics by obtaining the fixed-
point solution of dynamical equations to predict the tipping point of
collapse in terms of a feature of the network.

ie{l,.,N} (1)

Numerical analysis of the ecosystem collapse

We start by performing a numerical study of the tipping point of the
system (details in Methods and Supplementary Section III), then we
elaborate our analytical solution based on approximations supported
by the numerical evidence. Figure 2b-f shows the numerical solution
of equation (1) for different parameters on a real plant-pollinator
mutualistic network from the Chilean Andes obtained from ref. ** (Net
10 in Supplementary Table 1). We plot the fixed-point average den-
sity (properly rescaled) (x*) =N~'}} x/" as a function of K, = wlrtd
, which is the main control parameter 'that determines the collapse of
the system according to the theoretical solution in equation (4). Here y
is the average interaction strength and K, ~ 1/y, sinced < y.

By increasing K, or, analogously, decreasing the interactions ,
we find that for all the numerical ecosystems in Fig. 2 there exists
a point of collapse at a given critical value K, (or analogously 7.),
which is the tipping point of the ecosystem. This collapse is exem-
plified by the transition from a non-zero fixed point (x*) #0 for
K, <K, where the species are alive, to a zero fixed point x*=0 for
K, > K that corresponds to the extinction of all species®***2%3.,

The collapsed phase corresponds to the trivial fixed point of equa-
tion (1), x*=0. The decrease of the interaction y that drives the sys-
tem to collapse for y <y, could be caused, for example, by external
global conditions such as changes in environmental conditions due

to global climate change. These global changes produce shifts in phe-
nology, and hence changes in the interaction strength y that affect
all species™. The question is then how to predict this tipping point.

Analytical solution of the ecosystem collapse

We first show that the fixed-point equations for this system can be
written in terms of the Hill function®**. We consider a system with
;=7 (see Methods) and make a change of variables to the reduced
density:

N
* 5 *
V=T 2 A 2

j=1

<

whereby the fixed-point equations can be written using a sum of
Hill functions of the form H,(x,T)=x/(T+x), where T>0 is the
half-saturation constant**° (details in Supplementary Section V):

N
¥ =2 AH |y -
j=1

ads ays

(a7 (—dy ©
The Hill function H, is the first of a family of response functions
parametrized by the Hill coefficient n as H,(x,T)=x"/(T"+x"),
where n characterizes the degree of cooperativity among the inter-
acting species”®*?. This particular interaction term in equation (1) is
not crucial for the solution of the problem: any saturating sigmoi-
dal-like function will lead to the k-core collapse of the dynamical
system (Supplementary Section II).

A widely used approximation to treat these systems analytically
involves the logic approximation of the Hill function as proposed by
Kauffman™ to describe genetic Boolean networks™. This approxima-
tion assumes 1 — oo and replaces the interaction function by alogic ON
and OFF switch according to whether the input x is above the threshold
T or below, respectively. That is, it replaces H, by H,(x,T) =~ O(x—T),
where the Heaviside function @(x)=1 if x>0 and zero otherwise.
Both the continuous description for finite n and its Boolean-logic
approximation for n— oo are also widely used to describe artificial
and real neural networks”. Inspired by these works™”-***, we apply
the logic approximation to equation (3) to solve the model analytically
(Supplementary Section IV systematically investigates numerically the
limit of validity of the logic approximation).
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Fig. 2 | Numerical solution to the fixed-point equations in weighted and directed networks. a, Definition of the directed interaction strength y; from a

plant i to a pollinator j. The interaction strengths y; are i.i.d. random variables drawn from a uniform distribution P(y;) with mean y and width A. b, Fixed-
point average density (properly rescaled) (x*) = N'Wzix,-* as a function of K_ = &“’; (which is proportional to the inverse average interaction strength

1/, for small d) for the network of a plant-pollinator mutualistic ecosystem lo&4t&d in the Chilean Andes® (Net 10 in Supplementary Table 1), obtained by
solving numerically equation (1) using a fourth-order Runge-Kutta algorithm. The death rate is d=0.05. Each curve is computed using a different sample of
interaction strengths {y;} with a different width 4 as defined in a. For A=0, all y; are equal. The largest value 4 =0.34 corresponds to the maximal possible
width compatible with mutualistic interactions—that is, such that all y; are non-negative (details of the numerical simulations in Supplementary Section IIl).
We also plot the analytical solution obtained with the logic approximation (black line). c-f, Same as in b, but using death rates d=0.5, 1, 2, 4, respectively,
together with the logic approximation solution. g, Fixed-point average density (x*) properly rescaled as a function of the threshold K, for several values of d
and A =0. For comparison, the analytical solution obtained through the logic approximation—that is, the solution of equation (4), or equivalently

equation (6)—is plotted as a function of (x*) (black line). The theoretical prediction of the critical value K, = k{ox is shown in panels b-g with a black arrow.
h, Critical average interaction strength K, (A) as a function of the width A for different values of d € [0.05, 4.07 obtained from b-f. Each curve ends at a given
value of A, which depends on d, representmg the maximum admissible width compatible with mutualistic interactions y;> O. Deviations of more than 20%
from the theoretical prediction given by the logic approximation are found only for large d (that is d > 1) and distribution width A > 1.5 (outside the green
shaded band). For values of d of the order of [0.1-0.3], which are the values found in the literature?*?°, the theoretical predictions of the logic approximation
are even more accurate and in agreement with the numerical simulations of the n=1model within 12.5%, for any A (blue shaded band).

By using the logic approximation of the Hill function®**>*>** (that ~ where K, is the threshold on the mutualistic benefit; the subscript
is H(x,T) — ©(x— T)), the fixed-point equations can be recast in the ~ emphasizes its main dependence on y, K, 1/y (Fig. 3a) since d <.
following analytically tractable form: Concretely, K, is the threshold of the @-function in equation (4),

which allows species i to benefit from mutualistic interactions with
species j only when their densities y are greater than K. Weak inter-

y'= Z A0 (J’;_Ky) actions y correspond to large thresHolds K., which, by 1nh1b1t1ng the
j=1 (4) Dbenefits ¥ * conferred by species j to i, produce small values of y*.

_as(y+d) Thus, if 7 falls below the critical value y,, no mutualistic benefit is

- (y—d)? exchanged among species since the corresponding critical threshold,
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_as(y.+d)

= 5
() ®
is too high, and the entire system collapses via a catastrophic transi-
tion to the state x*= 0 (Fig. 3a), as shown numerically in Fig. 2b-f.

Next we show that the critical interaction strength for collapse,
v (or K ), is determined by the maximum k-core of the network
kcrgfe" The reduced density y* assumes only integer values in the set
y €{l,....k;}, wherek; is the degree of, or number of species inter-
actlng w1th species i. Therefore, to solve for y* at a given threshold
K,, we remove all species j with degree k; <K from equation (4),
since these species give zero contribution to the right-hand side of
equation (4), and we solve only for the remaining species. The pro-
cedure is explained graphically in Fig. 3b for a simple ecosystem
with a maximum 2-core and interaction strength that could be any-
where between 1<K, <2, and in Supplementary Section V A, for
fully connected networks of 2, 3 and 4 species.

After these first removals are done (Step 1 in Fig. 3b), the spe-
cies left in the network have smaller degree k/, and we perform a
new wave of removals of species j" if k} <K, (Step 2 in Fig. 3b). This
pruning process stops when the degree of each remaining species is
greater than K. The process we just described is precisely the algo-
rithm for extracting the K -core of the network'*'®', as explained
in Fig. 1b: iteratively removing all species from the network with
degreek < [K, ], where [--] denotes the ceiling function. Thus, the
nodes remaining at the end of this pruning process, if any, form
a K -core by construction, as shown in Step 3 of Fig. 3b. Since v
in equatlon (4) measures the number of links of species i to this
remaining K,-core, we find the nontrivial fixed-point solution for
the species belonging to this K,-core as (see Fig. 3b Step 3):

" =number of links of species i to species in the K, - core

E./\/;(Ky)

(6)

Equation (6) remains valid also for the species placed outside the
K,-core, since the only nonzero benefits they receive come from
species inside the K,-core (Fig. 3¢). Indeed, for a species i outside the
K,-core, y* may be nonzero only if species i interacts with at least
one spec1es inside the K,-core. However, those species for which
0<y"<[K,] have no influence in the ecosystem, meaning that
their dlsappearance does not change the density of any other spe-
cies. In practice, they are commensalists rather than symbionts, that
benefit from the species located in the K, -core without benefitting
or damaging them, as seen in Fig. 3c.

The maximum k-core of a network predicts tipping points
Equation (6) reveals how the dynamics is intertwined with the net-
work structure through the number of links to the K,-core, N;(K,).
Indeed, when these links disappear, the system collapses. Since the
densities must be positive by definition, x;* > 0 (x;* is obtained from
equation (6) by a change of variables, see Supplementary Equation
(24)), hence ¥, * must also be positive. Then, we must have (K,)>0
. However, this condition cannot be satisfied by any species i if
K,> k2, because when the threshold K, in equation (4) is greater
than the maximum k-core of the network the number of links
to the K,-core is, by definition, zero (that is, N (K,>kzy) =0).
As a consequence, if y is reduced to the point that K, is slightly
greater than the maximum k-core koo, so that K >kc'§fex, the

system collapses to the state x;*=0, where the spec1es are extinct.
The critical value y, at this t1pp1ng point of collapse is predicted as:

(y.+d)

K =k > as >
(r—4)

A core

=keore (7)

which represents our main result relating the dynamical parameters
at the tipping point to a global topological network property.

We confirm the main theoretical result of equation (7) with
a numerical simulation using the same mutualistic network of
Fig. 2 (Net 10 in Supplementary Table 1, Fig. 4a shows its k-shell
structure). Figure 4b shows the fixed-point average density (x*)
for this system, which confirms that the collapse of the ecosystem
occurs when K satisfies the critical condition in equation (7).
That is, the systém collapses at K, =4, which corresponds to the
maximum k-core for this network, k2aX=4 (Fig. 4a). We also
compare the logic approximation (black curve) to the numerical
solutions in Fig. 2b-f, as well as Fig. 2g, which corresponds to
the case where A =0. Figure 2h plots the numerical tipping point
K, compared to the k-core prediction for this network, k7% =4.
We find that the logic approximation captures well the tipping
point of the system across realistic values of death rate param-
eters d€[0.1-0.3]** (further examinations are provided in
Supplementary Section VI).

As the interaction strength decreases (so K, increases) due to
external global conditions, the system suffers a series of partial
collapses, characterized by the sharp drops in the species density
shown in Fig. 4b, at successive precise integer values of K, equal
to the index k, of each k-shell. This occurs until the species in the
maximum k-core at k%' =4 go extinct, with the concomitant col-
lapse of the entire network. Therefore, as the strength of mutualistic
interaction y decreases, the species in the outer k-shells (the ‘leaves’
in the network) go extinct first, whereas species in the innermost
k-core survive up to the tipping point of total collapse (insets in
Fig. 4b). As a consequence, equation (7) can be used as a warn-
ing signal for the proximity of the system to the tipping point by
measuring independently the dynamical parameters and the k-core
number of the network.

In Supplementary Section VI F we compare the prediction of
the tipping point of the system made by k5> to the prediction of
collapse made by other metrics, such as nestedness’™, spectral
radius”, and connectance (average degree). Supplementary Fig. 4
shows the result of this comparison. Overall, the metrics which are
related to k 57 via mathematical bounds—for example, the spectral

radius (p > k;o"®) and the connectance—are also good predictors
of the tipping point when these bounds are saturated. However, in
more general conditions, far from saturated bounds, k%" remains

the metric which theoretically predicts the collapse of the system.

Stability analysis and phase diagram of system feasibility
Once we have the solution (equation (6)) to the fixed-point equa-
tions, we can study its local stability, which is controlled by the
stability matrix M= si . Indeed, stability theory has been at
~j

the core of the ecosystem literature since May' posed the ques-
tion whether a large ecosystem would become stable or unstable
(see below).

A fixed-point solution (equation (6)) is locally stable if all the
eigenvalues 1! of the stability matrix 1 have a negative real part'.
These eigenvalues can be calculated analytically in our model. We
find (see Supplementary Section VII):

Y _ M) i=1,..,N 8
i= yK,+N,-(Ky)’ =L... ®)

which are, in fact, all negative. Therefore our solution, if it exists,
is always stable. This result has important consequences, as
we show next.

Interestingly, the largest and thus most critical eigenvalue
M is the one corresponding to the commensalist species i with
the minimal number of links N to the symbionts located in the
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Fig. 3 | Solution scheme for the fixed point equations (4). a, Threshold K, as a function of the interaction strength y for the network shown in Fig. 1a. For
large y such that K, <1, all species in the network provide their mutualistic benefit to the species they interact with. If y is reduced such that K, is slightly
above 1, none of the species with k,=1 can confer their benefits to the others, while the species in the 2-core keep providing their benefit. When y is further
reduced, so that K, becomes slightly larger than 2, the species with k,=2 also cease to provide their benefit, while the species in the 3-core are still able to
dispense theirs. Further reducing y also inhibits the mutualistic benefit from species in the 3-shell, and eventually causes the threshold K, to surpass the
value of the k-core number of the network K,> kioea =4, at which point the entire system collapses, since no remaining species can provide mutualistic
benefits. This series of collapses results in the staircase shape plot of the species density shown in Fig. 4b. b, To explain our solution we consider a simple
ecosystem network that contains a 2-core and species with interaction strength K, in the range 1<K, < 2. Step 1: we consider the bipartite network with
all species present. Step 2: we remove from the network all species j having degree k; <K, since the corresponding variables y* give zero contribution to
the right-hand side of equation (4). In this case we remove the species 1and 2, since k,k, <K,=2. Step 3: after these first removals, the species left in

the network have smaller degree ki, and we perform a new wave of removals of species j’ if ki <K,=2.So we remove species 8, since kg < 2. At this point
the pruning process stops, since the degree of the remaining species is greater than or equal to 2. These remaining species 3, 4, 5, 6, 7 and 9 form the
2-core of the network. Since yl.* in equation (4) measures the number of links to this remaining 2-core, the solution yl.* for the species inside the 2-core

is: y3* =2, yj: 2, ys* =3, y6*= 2, y7* =2, y9* = 3. Step 4: once the solution for the variables inside the 2-core has been found, we can add back the removed
species and determine the full fixed-point solution. In this case we add back the species 1, 2 and 8. To this end, it is sufficient to notice that, even for the
species placed outside the 2-core, y’.* in equation (4) still measures the number of links to species inside the 2-core. Therefore, since species 1and 8 are
connected to exactly one species in the 2-core, we find )/1*:1 and y§=1. In contrast to species inside the 2-core, species 1and 8 have no influence on the
system, meaning that their removal does not change the value of any other variable. ¢, In ecological terms, species 1and 8 are commensalists, as shown
schematically, as opposed to the true symbionts living in the 2-core, because they receive a benefit from the species in the 2-core but provide no benefit
in return. Lastly, for species 2, we find yz*: 0, since this species has no links to species in the 2-core. Hence it represents an extinct species. This exact
solution is corroborated numerically in Fig. 4b.

K,-core (Fig. 3c). The most critical species—that is, species most
exposed to extinction—are commensalists with a single link to
the K-core with A M =—y/ (K,+1). As the system approaches

all species. This confirms the tipping point equation (7) derived
above from the existence of the feasible nontrivial solution.
These considerations lead to the phase diagram of feasible

max —

its collapse, the commensalists with the fewest number of links to
the K -core go extinct first. Such a dynamics is clearly seen in the
sketches of Fig. 3a and the network panels of the numerical solu-
tion in Fig. 4b.

Thus, our solution predicts that the system’s approach to the tip-
ping point of collapse is signalled by an increase of commensalist
species at the outer shells, and a reduction of symbionts at the inner
cores. From equation (8) we also conclude that when Ky>k£:ex
, all the eigenvalues vanish, thus the feasible fixed point becomes
unstable (and also unfeasible), with the concomitant extinction of
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and stable mutualistic ecosystems depicted in Fig. 5a in the space
(K,, ki ) - The phase diagram features the predicted ‘tipping line’

of instability defined by the condition in equation (7), which sepa-
rates the feasible-stable phase:

max
K 4 < kcore

)

(condition of existence of the feasible - stable state)

from the collapsed phase:
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Fig. 4 | Collapse of a plant-pollinator mutualistic network and the tipping line of the mutualistic ecosystem. a, A bipartite mutualistic network of a plant-
pollinator ecosystem located in the Chilean Andes®® (Net 10 in Supplementary Table 1). The network is formed by four pairs of concentric rings. Each pair
of rings contains species with the same k-shell k,, ranging from one to four (analogous to Figs. 1a and 3a). The innermost core is at k(o = 4. Species in the
inner rings of each k-shell represent the plants, and species in the outer rings represent the pollinators. b, Fixed-point average density (properly rescaled)
(x*y = N’WZ,-X,»* as a function of the threshold K, (equation (4)), for the mutualistic network in a, obtained by numerical integration (see Supplementary
Section l1). For K, <1, all species are extant and provide their mutualistic benefit to the species they are linked to in the interaction network (extant species,
green solid symbols). When K| is above 1, the species in the outer k-shell k,=1can no longer provide their benefit, since K, > k.. However, a species with
k,=1 can still benefit from species in the higher shells k,> 1, and if it benefits from at least one of them, it is still extant (red symbols), otherwise it is extinct
(open circles). The species in red are termed commensalists because they receive a benefit from other species, but provide no benefit in return. Increasing

the threshold further causes more extant species to become commensalists or to go extinct whenever K, rises above integer values of the successive

k-shell. Finally, when K, becomes larger than k% =

suddenly collapses. Image credit: copyright, Guglielmo Castagnoli (a).

K, > kI

core (condition of collapsed state)

(10)

We test this phase diagram by plotting the values of (K, ke )
obtained from real mutualistic networks of plant- polhnator and
plant-seed dispersers™* (see Fig. 5a, Supplementary Table 1 and
Supplementary Section IV). All real mutualistic ecosystems lie in
the feasible-stable region situated above the tipping line, in agree-
ment with the theory.

This conclusion contrasts with the prediction obtained by
approximative linear stability methods introduced by May' based
on Wigner’s semicircle law and frequently used in the literature”".
This approach considers a linear model of species interactions
rather than the sigmoidal Hill function. The stability matrix is then
Mj;==8;+A,; / K, and, assuming a random adjacency matrix A,
is computed with random matrix theory"’. The stability condition
on the negativity of the real part of the most critical eigenvalue of
M, is now given by A < K, where A2 s the largest eigenvalue
of A; (see Supplementary Section VII A and ref. "). The condition
ﬂﬁax <K, leads to the May’s diversity-stability paradox', by which
an ecosystem would become unstable on increasing the diversity of
the species. This prediction is valid for any type of ecosystem, and
in particular for a mutualistic ecosystem, leading to the paradoxi-
cal result that cooperation destabilizes the ecosystem. This paradox
arises because A4 _increases with the number of species in the eco-
system' and therefore, diversity, as measured by the number of spe-
cies, has a destabilizing effect.

In contrast, our nonlinear theory predicts the opposite result.
First, we predict that mutualistic interactions are beneficial for the
ecosystem: for a given network structure (fixed k), systems with
larger y tend to be more robust since condition in equation (9) is
easier to satisfy. Second, as the diversity of the ecosystem, measured
as number of symbionts in the maximum core k., increases, the

core

=4, there are no remaining species that can provide a mutualistic benefit, and the whole system

value k5% increases, hence the condition equation (9) is also easier
to satisfy in this case. Therefore, diversity of symbionts at the maxi-
mum core of the network increases the stability of the system.
Thus, we show that the analytical solution of the nonlinear model
resolves the long-standing diversity-stability paradox’ in mutualis-
tic ecosystems by introducing a new principle of stability. This prin-
ciple states that the more symbionts there are in the maximum core
of the network, the higher the robustness. Thus, diversity, mutual-
ism and cooperation stabilizes the ecosystem rather than the oppo-
site, as paradoxically proposed in ref. '. Our results highlight the
importance of considering the exact stability analysis of the nonlin-
ear model equation (1) instead of the linear model when reaching
conclusions about the stability of ecosystems. Indeed, studies of the
microbiome'” based on the linear model and Wigner’s semicircle
law have concluded that cooperating networks of microbes in the
human gut are often unstable, in contrast to empirical evidence.

Summary

We presented an analytic solution of the tipping point for a non-
linear model of mutualistic dynamical systems in terms of a topo-
logical invariant of the network, the k-core number. The k-core
structure of the network privileges the species at the inner k-core,
which are ‘keystone species™ like the plant Angelica pubescens in
Net 2 (Fig. 5b). These keystone species are analogous to ‘influenc-
ers’ in social networks'** that guarantee the integrity of the entire
ecosystem. Therefore, species at the innermost core should be pro-
tected first for the sake of the whole ecosystem.

Since our theoretical results are applicable to a large class of sys-
tems governed by nonlinear Hill, logistic or sigmoidal interactions,
the conclusions could be equally applicable to other complex sys-
tems. Drawing analogies from financial and banking ecosystems'""?,
to neural circuitry”>**, microbial ecosystems'*", and gene regula—
tory networks?>***, our results provide the way to avoid systemic
risks built in these systems by protecting the system’ vital core.
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Fig. 5 | Phase diagram of ecosystem stability. a, Predicted phase diagram for k-core number ke versus K, for nine empirical mutualistic networks

(Net 1-9 in Supplementary Table 1) corresponding to ecosystems at different latitudes: Arctic (blue point), Temperate (green cross) and Tropical (red
triangle). All the networks lie in the stable feasible region predicted by equation (9), k{oea > K, (that is, above the tipping line defined by k(ora = K,

b, Network structure for Net 2, the plant-pollinator ecosystem in Japan from ref. 2. Species are arranged in the same way as in a (that is, ordered by
increasing k-shell number k, from top to bottom, with plants in the inner circles and pollinators in the outer circles). From this graphical representation an
interesting structure emerges. Many pollinators in the outer shell k,=1 interact with a single keystone plant species, the Angelica pubescens, located in the
innermost core of the network, and therefore quite stable to external changes, since the inner core is the most stable core in the ecosystem. In contrast,
there are far fewer plant species in the outer shell (k,=1) interacting with just a single pollinator in the inner core (k{oea). Plants tend to populate the more
robust inner k-shells, whereas pollinators concentrate more in the low k-shells (that is, the upper levels). This result hints that plants are more dependent
on the survival of many pollinators than vice versa, a conclusion stemming directly from the k-core organization of the ecological network. Image credit:

copyright, plant, H. Zell (b); insect, Ab Baas (b).
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Methods
Numerical integration. In general, the interaction strengths between species in
ecological networks are weighted and directed” (that is, 7;#7;), meaning that the
effect of species i on species j is different from the effect of species j on species i,
and also the interaction strengths are all different (Fig. 2a). This heterogeneity
is relevant to the stability of coupled systems and it is important to study their
relevancy to the determination of the tipping point. Therefore, we study the
influence of weighted interactions on the location of the tipping point of the
dynamical system given by equation (1).

For our numerical investigation, we characterize the weights of the interactions
7;; by a probability distribution with mean value y and width A. Following***, we
take y; as i.i.d. random variables drawn from the uniform distribution P (7)) = =,
if y—A <y;<y+A4, and zero otherwise (Fig. 2a). We systematically study how the
width of the distribution of interactions affects the solution of the problem (see
Fig. 2b-f and Supplementary Section III for details).

We simulate the dynamics of directed and weighted mutualistic systems
spanning a large range of parameters across almost two orders of magnitude in
the death rate: d=0.05 to d=4 (the range of values of d used in the simulations
covers beyond the range of field measurements®>*, which are typically within
d=0.1-0.3). We use different uniform distributions P(y;) parametrized by the
width A, spanning from A =0 (corresponding to a unweighted system where all
interactions are equal, 7;=7) to a system with the widest possible distribution of y
(corresponding to the maximum width 4, allowed by the condition A <y, which
is necessary for a mutualistic system where all interactions are positive, y;>0).
The self-limitation parameter s can be absorbed into the definition of d and y; by
dividing both parameters; therefore, without loss of generality, we fix s=1 in the
simulations—this has the sole effect of changing the unit of measure of the average
density by a factor 1/s.

NATURE PHYSICS | www.nature.com/naturephysics

A feasible, stable and non-zero solution is found for K, < K, . By feasible, it is
understood that the densities x;” must be non-negative (that is, ,> 0) for all species
i (refs >>***°). A necessary (but not sufficient) condition for the survival of species,
and thus for the existence of a feasible nontrivial fixed point x*# 0, is that d <.
This means that the maximal mutualistic benefit supply of growth factors provided
by the interacting species, corresponding to the interaction strength y of the
nonlinear interaction term, must be larger than the death rate d.

A comparison performed in Fig. 2b-f (Fig. 2g shows the case A =0) between
the numerical solutions for a wide range of parameters and the logic approximation
(black curve) shows a good agreement between the theoretical and numerical
solution. Figure 2h plots a comparison between the predicted tipping point for this
network k o = 4 and the numerical solution, showing that the logic approximation
agrees well with the numerical solution for realistic values of death rates
de[0.1-0.3]** (Supplementary Section VI elaborates on these results). We
estimate that real ecosystems can be approximated by A =0 (that is, the variability
in the interaction term does not noticeably affect the tipping point location
for realistic values of the death rate). Second, the n=1 interaction term can be
replaced by the logic approximation. These two approximations allow one to obtain
the exact solution of the fixed-point equations.

In Supplementary Section VI C,D we also consider more realistic distributions,
such as the right-skewed distributions found empirically in Bascompte et al.”. We
integrate numerically equation (1) via a fourth-order Runge-Kutta algorithm until
the system reaches the fixed point (the simulation procedure is similar to the one
explained in Supplementary Section III with P(y;) empirically measured in ref. °).

Data availability
Data that support the findings of this study are publicly available at the Interaction
Web Database at https://www.nceas.ucsb.edu/interactionweb/.
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