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Understanding the structural properties of random packings of jammed col-

loids requires an unprecedented high-resolution determination of the contact

network providing mechanical stability to the packing. Here, we address the

determination of the contact network by a novel strategy based on fluorophore

signal exclusion of quantum dot nanoparticles from the contact points. We

use fluorescence labeling schemes on particles inspired by biology and bioint-

erface science in conjunction with fluorophore exclusion at the contact region.

The method provides high-resolution contact network data that allows us to

measure structural properties of the colloidal packing near marginal stability.

We determine scaling laws of force distributions, soft modes, correlation func-

tions, coordination number and free volume that define the universality class

of jammed colloidal packings and can be compared with theoretical predictions.

The contact detection method opens up further experimental testing at the in-

terface of jamming and glass physics.
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I. Introduction

The problem with the experimental investigation of jammed colloidal systems1–3 is that it is

difficult to look inside of a particulate packing. This is especially problematic from a theoretical

standpoint. While recent theoretical advances have provided a fresh perspective on the long-

standing packing problem — including replica theory from spin glasses, constraint satisfaction

problems, geometrical and force ensembles — most of these theories are built from the bottom

up4–13. Therefore, experimentally testing these theories requires full information of the contact

network at sufficiently high resolution for resolving fragile contacts at the state of marginal stability

observed during the jamming transition. Theoretical predictions of observables like coordination

number (number of contacting particles), the scaling of the small-force distribution and geometrical

order parameters require exact determination of contact between any two particles. While methods,

like X-ray tomography, help analyze contacts between large grains14,15 (having diameter sizes on

the order of mm) these methods are not as effective for studying jammed matter on colloidal

length scales. Resolution is limited even in deep imaging of dense jammed colloids16 and jammed

emulsions17–20 using confocal microscopy. Better resolution is needed if one seeks to determine

whether two colloidal particles are in contact at a fragile state of marginal stability near the

jamming transition. Here we use the fluorophore signal exclusion of quantum dot nanoparticles at

the contact points to determine the contact network with higher resolution21.

II. Experimental methods

A. Sample preparation

We consider a colloidal system of green fluorescent (em: 515–555nm) silica microspheres in an

aqueous-glycerol solution containing red fluorescent (em: 600–700nm) quantum dot (QD) nanopar-

ticles. The green fluorescence on the surface of the microspheres comes from AlexaFluor R© 488

(AF) manufactured by Life Technologies, Inc. This fluorescent dye is attached to surface of sil-

ica microspheres using amine and N-hydroxysuccinimide (NHS) ester reaction chemistry22. First

Bis(succinimidyl) nona(ethlyene glycol), manufactured by ThermoFisher Scientific, Inc. is conju-

gated onto the surface of 5.06 ± 0.44µm SiO2-NH2 microspheres, manufactured by Bang Labora-

tories. The same chemistry then attaches 8-Arm polyethylene glycol (PEG) star-polymer (MW

= 20kDa), manufactured by Nanocs, Inc. and finally attaches AlexaFluor R© 488, AF (emission:

515–555nm). This surface chemistry is necessary for uniform fluorescence that is devoid of dark
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patches upon the surface of each particle. The added PEG also produces short-range steric repulsive

interactions23 that largely negates adhesive forces and allows particles to move freely and to pack

randomly. The fluorescent particles are suspended in aqueous-glycerol solution and compacted by

centrifugation. Quantum dot (QD) nanoparticles manufactured by Thermo Fisher Scientific, Inc.

(cylindrically shaped and approximately 8 × 15 nm in size24 with a narrow red emission peak at

600–700nm) are added to the aqueous-glycerol solution of the compacted particulate system. The

refractive index of the solution is carefully designed to match the refractive index of the particles

which allows for deep-imaging into the packing using confocal microscopy. Fig. 1b-c show two 3D

confocal images of green and red fluorescence from the same packing acquired at the same time

using different fluorescent channels.

B. Analysis

The contact detection method probes the exclusion of quantum dot nanoparticles (QDs) from

the contact gap between any two neighboring colloidal particles and also monitors the emission

of AF at the surface of the particles. Fig. 1a provides a schematic representation of QDs being

excluded from the contact gap. The exclusion of QDs is accompanied by a noticeable decrease

in fluorescent signal from QDs. This decreasing signal intensity correlates with the size of the

inter-particle space from which the QDs are excluded and thus provides a measure of the con-

tact gap25 in a process that we call fluorophore signal exclusion. We note that, technically, we

are not measuring the size of QDs as in super-resolution Stimulated-Emission-Depletion (STED)

techniques26,27. Thus, our detection method does not break the diffraction limit. Instead, we infer

information on the contact gap by measuring the fluorescent signal from QDs and correlating it

with the gap between particles.

Fig. 2a-c exemplify, for three characteristic cases of contacts, the intensity profile of AF (Ic−cAF )

along a line c-c between the centers of nearest neighboring particles and the intensity profile of

QDs (I⊥QD) along a line p-p that is perpendicular to the line c-c as sketched in Fig. 2a, left panel.

Fig. 2a shows the case of well-separated particles. In this case, two adjacent peaks in Ic−cAF locate

the edges of neighboring particles (the green rings of AF). These peaks represent the bounding edges

of the inter-particle space or the contact gap. Incidentally, the distance between the peaks is also

the size of the contact gap. The flat profile of I⊥QD observed in Fig. 2a, right panel, represents

QDs inside the contact gap that have not experienced exclusion due to the large size of the gap. In

this case, the absence of a contact is unambiguous. We characterize similar cases of well-separated
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particles by measuring image-contrast, ∆AF, which is defined as the difference between the highest

and lowest values in Ic−cAF between the two peaks (see Fig. 2a, right panel). When ∆AF > 0, the

two peaks in Ic−cAF are clearly distinguishable and the size of the contact gap is well above the

diffraction limit. However, as ∆AF → 0+ the two peaks convolve into a single peak and the size of

the contact gap becomes unresolvable.

In the case shown in Fig. 2b, the AF-detected contact gap disappears, ∆AF = 0, and neighboring

particles seemingly touch. However, the emergence of a single peak in Ic−cAF does not necessarily

mean that a contact has been established. It simply means that the AF rings cannot be resolved

any further. This resolution-limit occurs at 0.23µm (see Fig. 3a). Although ∆AF = 0 and particles

appear to be touching in Fig. 2b, we still observe a flat profile in I⊥QD similar to that seen in Fig.

2a. The flat profile in I⊥QD suggests the contact gap is still large enough to accommodate QDs.

Therefore, even though the rings have merged, we identify contacts like Fig. 2b as non-contacts or

false positive contacts. This improves upon earlier methods17–20, where monitoring the fluorescence

from AF rings alone would have identified similar non-contacts as positive contacts.

Now instead of relying upon AF rings alone, a dip in I⊥QD, resolves the contact gap at higher

resolution to identify the most probable positive contacts. Fig. 2c shows a dip in I⊥QD that is

measured as ∆QD. The signature of a resolved contact at higher resolution is the emergence of a

dip in QD fluorescence signal exclusion as seen in Fig. 2c. This occurs when ∆AF = 0 and the

contact gap is smaller than 0.23µm, as illustrated by Fig. 3a which plots the average value of

∆AF for numerous pairs of particles at different sizes of contact gaps. 0.23µm marks the maximum

resolution of the contact gap using AF rings. A higher resolution of the contact gap is achieved by

monitoring the emergence of a dip in I⊥QD using ∆QD.

Fig. 3b shows the distribution of dips in QD fluorescence signal exclusion, P (∆QD), for different

contact gaps. For particles with contact gaps smaller than 230nm (see blue circles), Fig. 3b

shows two populations of contacts well separated by a minimum in P (∆QD). We also notice that

the minimum in P (∆QD) appears for a value of ∆QD equal to the average standard deviation,

σQD, of I⊥QD for flat profiles. This minimum in P (∆QD) is observed at ∆QD ≈ σQD = 0.08.

Therefore, dips in I⊥QD having ∆QD < 0.08 may be considered as random fluctuations since they

are indistinguishable from the random fluctuations in the profile itself (i.e., they fall below 1σ).

This observation introduces a natural definition of a false positive contact for contact gaps smaller

than 230nm. After plotting P (∆QD) for contact gaps ranging from 230nm to 1µm (see red squares),

we find that P (∆QD) peaks at ∆QD = 0 and falls off quickly to zero when ∆QD ≈ σQD. This result

suggests that our method of contact detection is able to find false positives that previous methods
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could not detect.

In summary, our method measures the contact gap as the distance between peaks in Ic−cAF , as

seen in Fig. 2a. When these peaks merge below 230nm (as seen in Fig. 2b-c) it is not possible to

know the exact size of the contact gap for these contacts. It is at this point that we analyze the

QD dip profile to differentiate false positives from more probable contacts.

III. Results

Next, we employ our contact detection method to determine the contact network of jammed

colloidal packings. Theoretical findings posit a common physical explanation for jamming and glass

transitions 7,10–13,28–30. The emerging unifying laws are condensed in a set of key observables char-

acterized by critical scaling exponents. But experimentally testing theoretical models requires high

resolution of contacts to differentiate fragile contacts from close (non-contacting) neighbors. These

fragile contacts contribute greatly to the marginal stability of jammed colloids which materializes

into scaling laws for small forces, soft modes and near-contact pair correlation function7,10–13,28–30.

The contact detection method outlined here determines the contact network at high resolution and

presents a unique opportunity for assessing key physical observables.

We analyze colloidal packings A,B and C (Table I) and for each of them we measure the inter-

particle force distribution, the pair correlation function, the vibrational density of states and the

equation of state relating coordination number and volume fraction. We have jammed the packings

at different centrifugation to study variations in properties with respect to the preparation protocol.

The experimentally obtained packing fractions and coordination numbers are close enough, so that

we are not able to reach definitive conclusions regarding protocol dependence.

The forces at the contacts can be calculated solely from the contact network as determined by

the fluorophore exclusion technique without resorting to a contact force law, by using the fact that

the system is close to isostatic. We resolve the contact forces at the contact points using the force

network ensemble method proposed earlier5 and calculate the force distribution as follows:

• (i) The force balance equations are imposed as constraints:∑
a∈∂i

~f ia = 0 i = 1, . . . , N , (1)

where the notation a ∈ ∂i indicates the set of contact points a around particle i;

• (ii) Forces are repulsive, i.e.:

~f ia · ~dia < 0 , (2)
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where we denoted by ~dia the vector connecting the ith particles position (of its center of

mass) ri and the ath contact on the ith particle;

• (iii) A fixed external force P sets an overall force scale.

Then, we compute the force distribution Pa(f) at the contact points a by using a simulated

annealing algorithm. In practice, we use a penalty function given by equation 3 which disfavors

force configurations that do not satisfy conditions (i)− (iii) above.

E =
∑
a

∑
j∈∂a

~f ia

2

+

∑
a

∑
j∈∂a
|~f ia| − P

2

(3)

Finally, we obtain the mean force distribution P (f) = 〈Pa(f)〉 by averaging over all the contacts.

Theoretically, at the jamming transition, the force distribution P (f) is expected to decay alge-

braically for f → 0+ as seen in equation 4:

P (f) ∼ fmin(θ,θ′) (4)

where the exponents θ and θ′ describe, respectively, localized and delocalized excitations10–13,30.

Mean field theory of hard sphere glasses in infinite dimensions13 predicts only the value of the

exponent θ′ ∼ 0.42311, since in infinite dimensions, where the mean field theory has been developed,

there are no localized excitations. To adhere as much as possible to the theory, in this work we

measure only the exponent θ′ by excluding localized excitations as done elsewhere31. This is done

by removing the so-called bucklers.

The profiles of the obtained force distributions are shown in Fig. 4a. We obtain values of θ′

ranging from 0.11-0.17 for the three packings (Table I). We note that, in general, the presence

of shear jamming can affect the scaling law of force distribution. In our case, each experimental

packing was prepared by gravitational centrifugation. This preparation protocol may generate not

only bulk jamming but also shear jamming, and these modes are responsible for jamming of the

packing.

The exponent θ′ (as well as θ) is tightly related to another critical exponent, which controls the

behavior of the pair correlation function g(r) for r ∼ D, where D is the diameter of the particles.

Specifically, the scaling law32 in equation 5 holds true for r → D.

g(r) ∼ (r/D − 1)−γ , (5)
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TABLE I: N is the number of particles whose centers are inside the field of view, average coordination

number z, packing density φ, scaling exponent θ′ of the weak force distribution, scaling exponent γ of the

small gap distribution, and scaling relation γ > 1/(2 + θ′)11 for the three packings A,B and C.

Packing N z φ θ′ γ 1/(2 + θ′)11

A 1393 7.57 0.66(8) 0.110(5) 0.42(2) 0.474(1)

B 1263 6.79 0.62(4) 0.143(4) 0.62(2) 0.467(1)

C 1486 6.64 0.64(7) 0.170(6) 0.75(3) 0.461(1)

Indeed, the exponents γ and θ′ satisfy the inequality

γ ≥ 1/(2 + θ′), (6)

which is a consequence of the marginal stability of the jammed packing11. The values of the

exponent γ for the three packings are reported in Table I, and the profiles of the g(r) are shown in

Fig. 4b. With our values of γ and θ′ we find that packings B and C satisfy the theoretical bound,

while packing A does not. The reason is that A turns out to be hyperstatic and, therefore, it is not

supposed to satisfy the bound (we elaborate on this point below). The theoretically predicted mean-

field value of the exponent13 is γ = 0.41269, which is outside the numerical errors of our measured

values for packings B and C, and agrees with packing A. We notice that the exponents we found for

the force distribution at weak forces, and the pair correlation function at small gaps do not match

the theoretical predictions from the replica theory of hard sphere glasses. Possible reasons of this

discrepancy could be the natural particle size polydispersity and asphericity in the constitutive

particle shapes of the experimental system. Each packing has roughly 10% polydispersity and

roughly 10% of all the particles in each packing have asphericity. Current technology (Bang Lab)

does not produce perfectly monodisperse silica particles which are simultaneously amenable to the

grafting techniques required for the present contact detection process. A numerical study on how

the small polydispersivity in our sample may affect the value of the exponents would complement

the present measurements and test whether these universal exponents might affected by disorder.

However, marginality can still be suggested beyond the actual value of the exponents, as long as

the exponents satisfy the inequality γ ≥ 1/(2+θ′), which is a consequence of the marginal stability

of the jammed packing. Thus, this inequality suggests marginality in packings B and C (in a weak

sense), which is indeed less stringent than perfectly matching with predictions of replica theory,

for which the inequality would be saturated.
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We notice that certain expected features of g(r) for monodisperse packings are not seen in our

results. For instance, there is no clear split-second peak, and the right-hand side of the split second

peak is not at 1D. We think that these features are not present due to the polydispersivity and

asphericity of the constitutive particles in the packing. We also notice that the scaling exponent

of the week force and the relationship between γ and θ′ have been theoretically predicted for dry

jammed packings, not for colloidal systems in the presence of hydrodynamic forces. However, we

believe that the presence of the strong centrifugation forces produces a jammed static packing that

may be comparable to theories for dry packings.

The knowledge of the contact network allows us to compute the vibrational density of states

D(ω) of the packing 5,11,12,33. This quantity is obtained by computing the spectrum of the dynam-

ical matrix M̂ (and does not need the existence of a force-law), which is defined as:

Mij = −δ〈ij〉~nij ⊗ ~nij + δij
∑
k∈∂i

~nik ⊗ ~nik , (7)

where the ~nij ’s are unit vectors directed from particle i to particle j. The vibrational modes ωi are

the square root of the eigenvalues λi of the matrix M̂ , i.e. ωi =
√
λi, and D(ω) is the probability

density function of those ωi’s.

Thus, we obtain the vibrational density of states of the packing and the concomitant soft

modes5,11,12,33 from the dynamical matrix M̂ . In Fig. 4c we show the function D(ω) for the three

packings. We find that the density of states for packing B and C shows an excess of low frequency

modes (a flat profile as ω → 0) as compared to a crystalline solid, also known as the “boson peak”

in the glass literature10 which is typical of marginally stable jammed packings. The situation is

again different for packing A, which is discussed below. We also obtain the equation of state in

the packing fraction-coordination number plane (φ, z), shown in Fig. 4d, along with the theoretical

prediction for this quantity8.

IV. Discussions and conclusions

Our results can be interpreted as follows. Ideally, for an isostatic packing of hard spheres3,9,10

in 3D, the average coordination number is z = 6. However, our colloidal particles are not perfectly

spherical. There is a small fraction of nonspherical particles some of which are visible in Fig. 1b,

c. Because asphericity increases z, we expect the average coordination to be larger than six in our

jammed colloids. In packings B and C we find similar values for z: zB = 6.79 and zC = 6.64 (see

Table I), and an excess of low-frequency modes in Fig. 4. Therefore, B and C could reasonably
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be viewed as being close to marginally stable. On the contrary, for A we find zA = 7.57, which

is significantly larger than zB and zC . Moreover, the profile in its vibrational density of states

DA(ω) shows a drop at low frequencies (see Fig. 4c), which indicates a possible Debye’s deviation.

Therefore, packing A can be considered as being far from marginally stable. This might be caused

by excessive compression of particles that are not perfectly hard due to PEG that is grafted on

the surface of the silica particles. In fact, in our experiment, the system is subjected to a uniaxial

compression via centrifugation. This may slightly deform the grafted PEG, thereby closing gaps

between particles and increasing the number of contacts (in comparison to perfectly hard spheres).

In turn, closing more contacts decreases the amplitude of possible displacements in particles,

which in other words, increases the frequency of their vibrations. This causes a depletion of the

low-frequency modes with consequent population of the high frequency modes. The effect is visible

in Fig. 4c for packing A. Also, the force distribution PA(f) (see Fig. 4a) shows an excess of large

forces and a deficit of small forces compared to PB(f) and PC(f). Again, this may be caused by

compression and a surplus of contacts in the packing, since, by closing more contacts, weak forces

become more rare, while larger forces become more probable. Finally, the pair correlation function

gA(r) (see Fig. 4b) is slightly shifted towards the left as compared to gB(r) and gC(r), meaning

that smaller gaps are found with lower probability in packing A. In light of all these findings,

we believe that packing A is hyperstatic. Incidentally, A is the only packing violating the bound

γ ≥ 1/(2 + θ′), which, in fact, is only valid for isostatic packings.

Overall, our experiments suggest that QD fluorophore signal exclusion proves effective at locat-

ing inter-particle contacts in a packing of colloidal particles. This contact detection method high-

lights the importance of high resolution of inter-particles contacts for testing theoretical predictions

close to the marginally stable state because these contacts may be used in rigorous computations

of force distribution, yield stress and stability of packings. The fact that fluorescence (not size)

of QD is what is being measured implies that any fluorophore probe could be used to resolve the

inter-particle space. In particular, smaller probes could be utilized to enhance resolution beyond

that considered here. Moreover, the present method could open up a promising experimental field

for future studies on packing of non-spherical particles1,2,34–36.
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FIG. 1. (a) Schematic of contact gap between particles. AlexaFluor R© 488 (AF) is attached to

the surface of the particles (8-arm-PEG20,000-AlexaFluor488). QD nanoparticles (Qdot655-PEG-

NH2) are in solution. QD nanoparticles are excluded from the contact gap in the top panel but

they occupy the contact gap in the bottom panel. (b) 3D confocal image of the packing. Only

showing green fluorescence from AF on particles’ surface (i.e., the fluorescent ‘rings’), as previously

demonstrated17–20. (c) Same image of the packing but only showing red fluorescence from QD

nanoparticles in solution.

FIG. 2. Measurement of intensity profiles in AF, Ic−cAF , and QD, I⊥QD, along lines c-c and p-p,

respectively. Edges of particles identified by peaks in Ic−cAF . (a) Two separate distinct peaks in

Ic−cAF . Therefore, contact gap > 230nm. (b) Convolution of two peaks into a single peak in Ic−cAF

(i.e., ∆AF = 0). Therefore contact gap < 230nm. However, flat profile in I⊥QD suggests no physical

exclusion of QDs. Hence, non-contact or false positive contact. (c) Again, two peaks convolve into

a single peak in Ic−cAF (i.e., ∆AF = 0). Therefore contact gap < 230nm. But dip in I⊥QD, which is

measured by ∆QD, suggests physical exclusion of QDs. Hence, probable contact.

FIG. 3. (a) Average values from numerous measurements in image contrast, ∆AF, for each

contact gap size. Error bars denote stand. dev. in measurements of ∆AF for any given contact

gap size. Fluorescent rings are indistinguishable (i.e., ∆AF = 0) and the contact gap appears to

vanish below the diffraction limit at 0.23µm. (b) ∆QD measures the extent of the dip in I⊥QD (top

two panels) and monitors the likelihood that a contact gap has vanished for particles to touch.

Distribution of dips in QD fluorescence, P (∆QD), for contact gaps smaller than 0.23µm (bottom

panel). Dips in I⊥QD where ∆QD < σQD exhibit random fluctuations (top left panel) whereas larger

values, like ∆QD = 0.6, show more distinct fluorophore signal exclusion (top right panel) and

stronger evidence of contact.

FIG. 4. (a) Log-log plot of the inter-particle force distribution for packings A,B and C (error

bars are s.e.m. and are of the same size as the symbols). Straight lines are best fits for the weak

forces with corresponding scaling exponent θ′. (b) Main panel: pair correlation functions for the

three packings. Inset: log-log plot of g(r) close to r ∼ D. Straight lines are best fits on the

small gap region with corresponding scaling exponent γ. (c) Vibrational density of states D(ω) for

the three packings. Packings B and C show an excess of soft modes typical of marginally stable

jammed packings. Packing A has a different behavior in that it shows a deficit of soft modes (see

discussion in main text). (d) Equation of state for local per-particle φ vs local z (blue open circles).

The black curve is the theoretical prediction8. The three points correspond to the global volume

fraction and average coordination number for the three packings.
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