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The effect of friction on random packings of micron-sized spheres is investigated by means of
adhesive contact dynamics simulation and statistical ensemble theory. The structural properties of
the adhesive packings with different friction coefficient µf can be well described by an ensemble ap-
proach based on a coarse-grained volume function. A mechanical equilibrium analysis demonstrates
that the packing structures become denser when µf ≤ 0.01, because of the prominent rearrange-
ments arising from the relative sliding motion between contact particles. We propose a modified
isostatic condition to account for the low coordination numbers of frictional packings of adhesive
spheres obtained in the simulation. Together with the equation of state derived from the statistical
ensemble approach, theoretical predictions of the packing properties of adhesive frictional particles
are obtained, which are in good agreement with simulations.

Random packings of uniform spherical particles have
been studied to model the microstructure and bulk prop-
erties of simple liquids, metallic glasses and colloidal crys-
tals [1, 2] as well as frictional granular materials [3].
The presence of friction substantially expands the vol-
ume fraction from the random close packing (RCP) limit
at φRCP ≈ 0.64 [1], which is associated with the jam-
ming transition around the J point or the J line [2, 4–6],
to a lower bound identified as the random loose pack-
ing (RLP) at φRLP ≈ 0.55 [6–11]. Furthermore, friction
also has a significant impact on the mechanical equilib-
rium of random packings. The minimal average coordi-
nation number, Z, required to obtain static packing in
d-dimension is within the range d + 1 ≤ Z ≤ 2d [12].
It is reported that a frictional packing is isostatic when
we consider interactions between asperities on contacting
particles [13] or exclude the fully mobilized contacts at
Coulomb threshold [14, 15].

For sufficiently small particles, most packings in na-
ture are subject to, not only friction, but also adhesive
forces. For instance van der Waals forces become non-
negligible and generally dominate interactions between
micron-sized particles smaller than 10µm. In this case,
adhesive forces could distinctly change the macroscopic
structural properties [16, 17]. Despite the ubiquitous
application of adhesive particle packings in various ar-
eas of engineering, biology, agriculture and physical sci-
ences [17–19], limited investigations have been made to
systematically study these packings [20–24]. The great-
est challenge arises from the multi-coupling of adhe-
sive force, friction and other interactions in the short-
range particle-particle interaction zone. In the absence
of experiments, discrete element simulation has become
an efficient and accurate method to study the packing
problems of micron-sized particles [22–24]. Based on
the widely accepted adhesive discrete element method
(DEM) [16, 17, 25–28], both macroscopic and microscopic

properties of adhesive particle packing can be studied in
detail.

Simulations and experiments have found that the vol-
ume fraction for adhesive micron-sized particles can go
far below the RLP limit and decrease with smaller sizes
[20, 22]. The lowest packing fractions were obtained
within 0.15− 0.23 with particle size ranging from 1.5µm
to 7.8µm [20, 22]. The average coordination number
of adhesive packings for particles smaller than 10µm
lay below the isostatic limit Z = 4. Not only particle
size but also work-of-adhesion and particle velocity in-
fluence the packing properties, of which the combined
effect was characterized via a dimensionless adhesion pa-
rameter (Ad) [23]. It was concluded that both φ and
Z went below the RLP limit with Ad > 1, and further
approached an asymptotic adhesive loose packing (ALP)
limit φALP = 1/23, ZALP = 2, which was also interpreted
through a statistical ensemble approach at a mean-field
level [23, 29, 30]. However, the friction effect on these
very loose packings of adhesive particles has not been
fully discussed. Little attention has been paid to the
problem of how the adhesive packings change for arbi-
trary friction.

To address the above questions, we perform a system-
atic investigation of the friction effect on random pack-
ings of micrometer sized soft-sphere, non-Brownian, uni-
form adhesive particles via discrete element simulation.
The DEM framework used in this work is specifically de-
veloped for adhesive particles [16, 17, 31], in which both
the translational and rotational motions of each parti-
cle in the system are considered on the basis of New-
ton’s second law (see details in the Supplementary Infor-
mation). The adhesive contact forces FA include three
terms, the normal adhesive contact force Fne, the nor-
mal damping force Fnd with model parameters validated
by classic particle-surface impact experiments [16, 17],
and the tangential force due to the sliding friction. A
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FIG. 1. Volume fraction φ (a) and average coordination
number Z (b) as a function of µf with different Ad. The dot-
ted lines are theoretical fitting lines. (c) and (d) show the
variation of φmin, φmax and Zmin, Zmax with Ad, respec-
tively.

JKR (Johnson-Kendall-Roberts) model is employed to
account for Fne between the relatively compliant micro-
particles [25]. The dissipative friction, including the slid-
ing, twisting and rolling terms in the presence of ad-
hesion, are all approximated by a spring–dashpot–slider
model with model parameters given in [16, 32, 33].

The adhesive DEM simulation starts with the succes-
sive random injection of 1,000 spheres of radius rp from
a surface at a height H = 80rp with an initial velocity
U0 under gravity. Periodic boundary conditions are set
along the two horizontal directions of length L = 20rp.
The particle size ranges from 1µm to 50µm and the work-
of-adhesion w is 0.1 ∼ 30mJ/m2. It should be noted
that a low initial velocity of U0 = 0.5m/s is applied to
guarantee a less considerable compaction resulted from
particle inertia. The friction coefficient is changed from
µf = 10−5 to µf = 10 with other parameters fixed in each
case.

The major result of this work is shown in Fig.1, which
exhibits the volume fraction (φ) and average coordina-
tion number (Z), with friction coefficient varying in the
range µf = 10−5 ∼ 10. Here the dimensionless adhesion
parameter Ad = w/(2ρpU

2
0R) is applied to quantify the

combined effects of particle velocity, size and adhesion
[23, 34], where ρp is the mass density and R is the re-
duced radius. It can be seen that with fixed Ad, both φ
and Z reach an upper limit when µf ≤ 10−4 and decrease
with the increasing of µf until a lower limit is obtained
when µf > 1 (panels (a) and (b)). The different upper
and lower limit values of φ depend on the values of Ad
while only the lower limit values of Z have similar depen-

FIG. 2. (a) Phase diagram of adhesive packings with chang-
ing µf and Ad. The solid line is the theory line in [6]. The
dotted lines are the theoretical predictions Eq.(4). (b) The
linear relation of ω and Z on log-log coordinates. (c)(d) Vari-
ations of fitting parameters C and γ with Ad, respectively.

dence on Ad (panels (c) and (d)). The upper limits of
Z collapse around Z = 6, which corresponds to the iso-
static limit of frictionless spheres packing. This indicates
that adhesion has no effect on the coordination number
when friction is small. Furthermore, all of the limit val-
ues φmin, φmax and Zmin are found to follow the same
exponential law (solid lines in panels (c) and (d)), i.e.

χm = χ0,m + χ1,mexp(−λAd), (1)

differing in the fitting parameters χ0,m, χ1,m and λ,
where χ represents either φ or Z and the subscript m
means maximum or minimum (see details in SI). It is
also interesting that the packing properties fall between
RLP and RCP when Ad = 0.96, confirming the critical
value of Ad = 1 that distinguishes a unique adhesion con-
trolled packing regime when Ad ≥ 1. On the other hand,
the minimum packing properties reached in our simula-
tions are φ ≈ 0.125 and Z ≈ 2 when Ad is as high as
48 and µf > 1, which is consistent with the conjectured
asymptotic adhesive loose packing (ALP) limit [23].

Next, we derive an analytical representation of the ad-
hesive frictional equation of state (EOS) in the spirit
of Edwards’ ensemble approach at the mean-field level
[6, 29, 35]. We start with the Voronoi volume Wi(µf , Ad)
of a reference particle i with a given Ad and µf , which
provides a tessellation of the total volume of the pack-
ing: V =

∑N
i=1Wi(µf , Ad). Here we define the aver-

age reduced free volume function ω for given Ad and

µf as ω(µf , Ad) =
W (µf ,Ad)−Vg

W (µf ,Ad)
, where Vg is the volume
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of a single particle with radius rp in the packing, and

W (µf , Ad) = 〈Wi(µf , Ad)〉 is the average volume of the
Voronoi cell. This implies that V = NW (µf , Ad) and the
packing fraction follows as φ(µf , Ad) = Vg/W (µf , Ad) =
1/(ω(µf , Ad)+1). The key step is to use a statistical me-
chanical description to obtain W (µf , Ad) or ω(µf , Ad),
which can be calculated from the integral [6]:

W (µf , Ad) =

∫ ∞
1/2

`3p(`;µf , Ad)d`. (2)

Here ` is the distance from the center of a particle to
its Voronoi boundary, and p(`;µf , Ad) is the probability
distribution function of `. By using the orientational re-
duced free volume function ωs = 8(`/rp)

3 − 1, we can
rewrite Eq.(2) as:

ω(µf , Ad) =

∫ ∞
0

ωsp(ωs;µf , Ad)dωs, (3)

where p(ωs;µf , Ad) is the probability distribution func-

tion (PDF) of ωs; p(ωs;µf , Ad) = −P>(ωs;µf ,Ad)
dωs

. Our
computer simulations indicate that the inverse cumula-
tive distribution function (CDF) P>(ωs;µf , Ad) has the
form P>(ωs;µf , Ad) = q(Ad)f

(
ωs[Z(µf , Ad)]γ(Ad);Ad

)
,

where the function f(x;Ad) could be different for dif-
ferent Ad, and Z depends on both Ad and µf , and the
parameters q and the exponent γ depend only on Ad.
Figure 3 shows the inverse CDF P>(ωs) as a function of
ωsZ

γ . The collapse of P>(ωs) of different µf for a given
Ad reveals an invariant property of the microscopic struc-
tural PDF (see SI for details). Substituting pω(ωs) into
Eq.(3), we thus obtain the equation of state as

ω(µf , Ad) =
C(Ad)

[Z(µf , Ad)]γ(Ad)
, (4)

where C(Ad) = q(Ad)
[
−
∫∞
0
yf ′(y;Ad)dy

]
and y =

ωsZ
γ . The variations of parameters C and γ with Ad

are shown in Fig.2c and 2d. In the non-adhesive case
Ad → 0, γ(Ad → 0) = 1, q(Ad → 0) = 1, and

f(y,Ad → 0) = e
− y

2
√

3 . Plugging them into the expres-
sion of C(Ad) we obtain C(Ad→ 0) = 2

√
3, which recov-

ers the non-adhesive EOS, ω(µf , Ad → 0) = 2
√
3

Z(µf ,Ad→0)

found in [6]. Figure 2 shows the phase diagram of adhe-
sive packings with changing Ad and µf (panel (a)) and
the EOS (panel (b)). Accordingly, four different limit
states can be identified as RCP, RLP, ALP and an adhe-
sive close packing (ACP) state, where friction approaches
zero but adhesion is very strong, as shown in Fig. 2a.
With the variation of Ad and µf , most of the simula-
tion results agree well with the theory Eq.(4) (Fig.2a,2b
dashed lines), except for the deviation of some points
with large Ad(= 48) and µf(> 0.1). We believe that
this is due to the restriction of the ALP limit, since the
packing properties cannot go below ALP as Ad further
increases.

FIG. 3. The inverse cumulative distribution function P>(ωs)
as a function of ωsZ

γ . (a)(b) stand for cases of Ad = 48 and
Ad = 8, respectively.

Compared with non-adhesive packings, a large num-
ber of particles with only one or two neighbours in adhe-
sive packings can surprisingly be mechanically stabilized.
Starting from the simplest case shown in the inset of
Fig.4, we will explain how these particles reach mechan-
ical equilibrium below. Without adhesion, the particle
on the top will never be stabilized except for θ = 0◦.
Nevertheless, in the presence of adhesion, when two con-
tact particles start to roll or have the tendency of rolling,
the rear side of the contact surface will be in touch un-
til the critical pull-off force FC is reached, which is also
known as the “necking process”. As a consequence, the
attractive normal stress on the rear side will provide ad-
ditional rolling resistance to pull the particle not to roll
over. Figure 4 shows the equilibrium diagram produced
with the parameters used in this work in terms of angle
θ and external force Fext (see SI for detailed derivation).
Note that the rolling equilibrium lines are only related
to particle size but not sensitive. We can see that with
very low external force, the adhesive particles can even be
stabilized with θ = 90◦, which will never happen to non-
adhesive granular matter. When µf ≥ 0.1, the rolling
equilibrium line lies under the sliding line, implying that
particles roll first as they begin to have relative motion.
In this case, the rearrangement during the packing for-
mation is dominated by rolling, which agrees well with
the fact that rolling is generally the preferred deforma-
tion mode for small adhesive particles [17, 18]. However,
when µf ≤ 0.01, sliding lines shift to the left of rolling
line. In this case, particles will slide first and the addi-
tional rolling resistance caused by adhesion is not able to
hold the moving particle, leading to prominent rearrange-
ments of the packing. As can be observed from Fig.1,
distinct increases of both φ and Z occur when µf < 0.1,
which agrees with the above discussion.

For the adhesive loose packings with 2 < Z < 4,
it is obvious that the packing system is statically in-
determinate in terms of the non-adhesive isostatic con-
dition. Below we explore the modified counting argu-
ments with both adhesion and friction on the basis of
adhesive contact mechanics. Before that, let us recall
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FIG. 4. Equilibrium diagram of two contact parti-
cles. The solid lines stand for the rolling equilibrium (re.)
lines for rp = 1, 5, 10, 50µm from right to left, respectively.
The others are sliding equilibrium (se.) lines with µf =
0.3, 0.1, 0.01, 0.001, 0.0001 from right to left, respectively. The
area under the lines indicates the equilibrium region that the
particle will not roll or slide over another. The inset shows
the schematic of force balance of two contact particles in 2D.

the isostatic condition of non-adhesive packings [6]. A
packing is isostatic when the number of contact forces
equals the number of force and torque balance equa-
tions: Nn + Nt = Ef + Et, where Nn, Nt, Ef , Et are
numbers of unknown normal forces, unknown tangen-
tial forces, force balance equations and torque balance
equations, respectively. Thus, the average coordination
number at the generalized isostatic point is derived as

Z(µf) = 2d 1+1/2(d−1)f1(µf )
1+(d−1)f2(µf )

(see details in Supplemen-

tary Information). Here f1(µf) and f2(µf) are two un-
determined functions of friction coefficient that satisfy
fi(0) = 0 and fi(∞) = 1 for i = 1, 2. Then Z(µf) is re-
duced to the well-known Z = 2d for frictionless particles
and Z = d+ 1 for infinitely rough ones.

Here it is important to point out that for non-adhesive
particles, typically of Hertz contact model, the real forces
are symmetrically distributed in contact surface such
that they can be equivalently simplified to point forces
acting at the center with no additional torques. All the
terms in the torque balance equations come from the
point forces and there are no undetermined torque vari-
ables. However, for adhesive micron-sized particles, the
phenomenon of material “necking” gives rise to an asym-
metry of the forces in the contact region. As a result,
more unknown torque variables will appear when sim-
plifying the contact forces and the isostatic equation is
modified as Nn + Nt + NT = Ef + Et, where NT is
the number of the new unknown torques that can be
expressed in 3d as 3/2NZg(µf , Ad). g(µf , Ad) is a new
undetermined function of µf and Ad. It should be noted
that here this function only works in dimension no more

than 3, since it is derived based on the analysis of real
forces. Similarly, the average coordination number is:

Z(µf , Ad) = 6
1 + f1(µf)

1 + 2f2(µf) + 3g(µf , Ad)
. (5)

The boundary conditions of the new function g(µf , Ad)
are determined as follows: (i) If there is no friction, ob-
viously there should be no additional torques regardless
of whether there is adhesion and thus g(µf = 0, Ad) = 0.
(ii) Then in case of no adhesion, Eq.(5) should go back
to non-adhesive case, leading to g(µf , Ad = 0) = 0. (iii)
When friction and adhesion both go to infinity, all the
particles should be constrained with additional torques
and we have g(µf = ∞, Ad = ∞) = 1. Substituting the
above boundary conditions into Eq.(5), we have:

Z =


6 , µf = 0
4

1+g(Ad) , µf =∞
2 , µf =∞, Ad =∞

. (6)

Further, we derive the function g(µf , Ad) as follows.
From [36], the function forms of f1(µf) and f2(µf) of non-
adhesive packings are derived as fi(µf) = kµf

(1+k2µ2
f )

1/2 ,

where k is the fitting parameter. Since f1(µf) and f2(µf)
are not related to Ad, we can fix them and obtain the
values of g(µf , Ad) for different µf and Ad. Then the
function form of g(µf , Ad) can be determined with a best
fitting as, g(µf , Ad) = c1(1− 1/(1 + a1Ad)b1)(1− 1/(1 +
a2µf)

b2), where a1, b1, c1, a2 and b2 are all fitting param-
eters (see SI for details). Substituting f1(µf), f2(µf) and
g(µf , Ad) into Eq.(5) we get the prediction of Z(µf , Ad).
Together with the EOS in Eq.(4), φ(µf , Ad) can also be
obtained. Both φ(µf , Ad) and Z(µf , Ad) are also plotted
in Fig. 1 as dotted lines. We can see that the predictions
are in good agreement with the simulations.

In summary, the influence of friction on random adhe-
sive loose packings of uniform spherical micro-particles
is examined by using adhesive contact dynamics simula-
tions. The packing properties with different µf and Ad
can be well described within a statistical ensemble theory
framework. Most importantly, we fully expand the phase
diagram of packings with arbitrary adhesion and friction
[6, 23]. Furthermore, we find that ALP is a well-defined
limit of random adhesive packings in the perspectives of
both dynamics and statics, and we identify a new lim-
iting packing, ACP, for µf → 0 and Ad → ∞. Parallel
to RCP and RLP, experimental definitions for ALP and
ACP, can be given as the minimum and maximum pack-
ing fraction one can get, when settling frictional, adhesive
balls into a container without shaking [23].
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