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A zero-temperature critical point has been invoked to control the anomalous behavior of granular matter
as it approaches jamming or mechanical arrest. Criticalitymanifests itself in an anomalous spectrum of low-
frequency normal modes and scaling behavior near the jamming transition. The critical point may explain the
peculiar mechanical properties of dissimilar systems suchas glasses and granular materials. Here, we study the
critical scenario via an experimental measurement of the normal modes frequencies of granular matter under
stress from a pole decomposition analysis of the effective mass. We extract a complex-valued characteristic
frequency which displays scaling|ω∗(σ)| ∼ σΩ′ with vanishing stressσ for a variety of granular systems. The
critical exponent is smaller than that predicted by mean-field theory opening new challenges to explain the
exponent for frictional and dissipative granular matter. Our results shed light on the anomalous behavior of
stress-dependent acoustics and attenuation in granular materials near the jamming transition.

I. INTRODUCTION

In granular media, a jammed system results if the particles
pack together at high enough density such that all the particles
are touching their neighbors [1]. As a result, the material un-
dergoes a jamming transition above which the system remains
arrested in a jammed state and is able to withstand a suffi-
ciently small applied stress. The jamming transition occurs at
a particularly subtle point where the particles have no redun-
dant mechanical constraints, i.e. they are isostatic [2–5]. The
system is a fragile solid that is highly susceptible to external
perturbations. For instance, cutting a set of particle contacts
creates floppy modes which necessitate global rearrangement
to rebalance the system [2, 3, 6–8].

This critical point has important consequences for the me-
chanical properties of granular matter. In particular, there ex-
ists an excess of low-frequency modes above that expected
from the Debye scaling of phonons in elastic solids [9, 10].
When the system is jammed, a band of excess modes exists
for ω > ω∗D, ω∗D is a characteristic frequency that vanishes as
the jamming transition is approached [10] [the subscript in-
dicates that this frequency determines the limit of validity of
Debye scaling in the density of states]. Forω < ω∗D one has
the usual Debye density of states. The system is argued to be
critical with a diverging correlation lengthℓ∗ [6] scaling as the
inverse of the characteristic frequency. The excess modes dis-
tinguish an isostatic critical state at scales belowℓ∗ from an
elastic solid at scales larger thanℓ∗ [6, 7]. The characteristic
frequency follows scaling law [6–12]:

ω∗D ∼ (φ − φc)Ω ∼ σΩ
′
, (1)

with external stress,σ, or volume fraction,φ, measured with
respect to the jamming point∆φ = φ − φc (eg random close
packing or point J [4, 5, 9]).

The static properties of jammed systems are also character-
ized by scaling laws. In particular, the average coordination
number scales as

Z − Zc ∼ (φ − φc)1/2, (2)

with scaling exponent approximately independent of friction
[4, 5, 7–9, 11, 13]. Here,∆Z = Z − Zc measures the excess
contacts from the minimal isostatic coordination number for
frictionless grainsZc = 6, or a critical value 4≤ Zc ≤ 6
for frictional grains in 3D [11, 13, 14]. The constitutive law
between stress and volume fraction is

σ ∼ (φ − φc)
α, (3)

whereα = 3/2 for Hertzian spheres andα = 1 for linear
springs. Thus,Ω = Ω′α.

To compare across systems with different constitutive laws,
we separate the trivial stress dependence ofα from the non-
trivial structural dependence characterized by exponentδ:

ω∗D ∼ ∆φ(α−1)/2∆φδ, (4)

with δ = Ω + (1 − α)/2. Theory [6, 7] has found using a
variational argument of boundary contact removal process for
a system of particles with linear constitutive law (α = 1)

ω∗D(∆Z) ∼ ∆Z, (α = 1, mean-field scaling), (5)

yielding a predictionδth = 1/2, using Eq. (2), which agrees
with simulations of frictionless particles [10].

So far, the scaling behavior of Eq. (1) has not been tested by
direct experimental measurements on zero-temperature gran-
ular matter. Indeed, experiments cannot calculate the density
of states by directly measuring the interparticle potential as
done in simulations [9, 10]. Here, we employ a noveldynam-
ical measurement to measure the normal modes.

Previous experiments focused on thermally agitated col-
loidal glasses and supercooled liquid systems [15–17]. In con-
trast, granular materials are athermal (the energy necessary to
displace a grain is much larger than the thermal energy∼ 1014

times) and friction dominated. Moreover, Eq. (1) was derived
for non-frictional non-dissipative systems [6, 7]. In the case of
real granular media, dissipation plays a key role in governing
the dynamics [20]. In this work, we develop an experimen-
tal study of the stress-dependent normal modes frequencies
for the case of granular matter. We demonstrate that the nor-
mal mode spectrum of a finite sized granular system can be
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determined through a pole decomposition of the frequency-
dependent effective mass [18–20]. The results of this analysis
supports the scaling hypothesis Eq. (1) in a realistic athermal
and dissipative medium. However, the exponents characteriz-
ing this granular medium are smaller than those predicted by
theory Eq. (5) [6, 7].

II. EXPERIMENTS

We employ a dynamical effective mass measurement to ob-
tain the normal modes which complements other measures
of the normal modes obtained from the Fourier transform of
the velocity autocorrelation function and the eigenvaluesof
the displacement correlation matrix [8–12]. Specifically,we
measure the frequency dependent effective mass,M̃(ω), intro-
duced previously in [18–20], of a granular medium held in a
cup under varying stress.

The full experimental program has been developed in [18–
20] and it is described in detail in Appendix X. Here we refer
to the most important aspects of the experiments and the cor-
responding set of predictions. The stress-dependent scaling
behavior of the normal mode spectrum of the granular sys-
tem can be determined through a pole decomposition of the
frequency-dependent effective mass [18–20]. We use a va-
riety of granular systems consisting of particles of different
sizes (ranging from∼150 microns to millimeters), different
shapes (irregular and spherical), different materials (tungsten,
steel and glass), and different damping conditions (particles
coated with silicone oil and uncoated).

An important factor in the dynamics of this system is the
existence of dissipative modes. Accordingly, our initial ex-
periments follow the procedure described in reference [20]
to lightly coat the tungsten particles (nominal size∼150µm)
with silicone oil (PDMS), which yields a system with known
dissipative properties— later, we will show results for un-
coated particles. The weakly wet powder is poured into a cup,
and the cup is tapped to encourage the powder to settle and
yield a flat free surface, Fig. 1. Finally, a standard mechan-
ical compaction protocol is followed [21–24] to prepare the
system in a reversible state which yields a reproducibleM̃(ω).

Once loaded, the cup is subjected to a vertical sinusoidal vi-
bration at angular frequencyω. The force,F̃(ω), is measured
by a force gauge mounted between the cup and the shaker, and
the acceleration, ˜a(ω), is taken as the average of that measured
at two points on the opposite end of a single diameter. The ef-
fective mass of the granular medium is the causal response
function [18–20]:

M̃(ω) =
F̃(ω)
ã(ω)

− Mc, (6)

where Mc is the mass of the empty cup. Here,M̃(ω) =
M1(ω) + iM2(ω) is complex-valued and reflects the partially
in-phase and out-of-phase motion of the individual grains rel-
ative to the cup motion.M1 is indicative of the elastic, and
M2 of the dissipative characteristics of the powder. Figures
2a and b showM1(ω) and M2(ω) for tungsten systems ex-
posed to an incrementally increasing uniaxial confining stress,

σ. In all cases, the lowest characteristic frequency mode man-
ifests itself as the sharpest resonance peak inM2(ω). This
peak and the other, lower amplitude, modes in the system are
characterized by a complex-valued normal mode frequency,
ωn. Roughly speaking, Re[ωn] is given by the position of the
frequency mode, and Im[ωn] is half of the full width at half
max of the frequency mode.

To accurately inferωn from the data in Fig. 2 we analyze
M̃(ω) within the context of a theory of damped and frictional
contact forces [20], which generalizes the results of previous
analyses [6, 7]. While previous theories have considered cen-
tral force systems [6, 7], interpreting the dynamic response
of our experiments necessitates a formalism that accounts for
translational and rotational degree of freedom and damped
modes. We develop such a formalism next.

III. THEORY

A. Interparticle force-law

In general the granular medium is modeled as a set of grains
held in a rigid cup. The theory is valid for any linearized set
of contact forces. Without loss of generality, below we define
it for the specific case of Hertz-Mindlin contact forces. The
normal force between any two contacting particles with radius
R is [25, 26]:

Fn =
2
3

knR1/2x3/2
i j , (7)

where the normal deformation (1/2 the overlap between the
spheres) between the neighboring grains isxi j =

1
2[2R− |xi −

x j |], xi, j are the position vectors, andkn is the normal spring
constant. The latter is defined in terms of the corresponding
material properties. The normal elastic constant is

kn = 4Gg/(1− νg), (8)

whereGg is the shear modulus, andνg is the Poisson’s ratio of
the material from which the grains are made.

The tangential force between neighboring grains in contact
is [26]:

∆Ft = kt(Rxi j )1/2∆s, (9)

where

kt = 8Gg/(2− νg), (10)

is the tangential spring constant, and the variables is de-
fined such that the relative shear displacement between the
two grain centers is 2s. Finally, Coulomb friction with in-
terparticle friction coefficient µ imposesFt ≤ µFn at every
contact.

From the definition of particle interactions, the elastic
spring constant tensor is written in terms of the normal (N)
and transverse (T) stiffnesses as:

K i j = kN(xi j )d̂i j d̂i j + kT (xi j )[I − d̂i j d̂i j ], (11)
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where d̂i j denotes the direction of the normal displacement
and we use the dyadic notation. Since we are interested in
infinitesimal displacements, without loss of generality weuse
a linearized version of the Hertz-Mindlin force law Eqs. (7)
and (9) and define the elastic stiffnesses as:

kN(xi j ) = knR1/2x1/2
i j , (12)

and

kT(xi j ) = ktR
1/2x1/2

i j , (13)

wherekn is the normal spring constant defined in terms of the
corresponding material properties above. That is, we use the
Hertz-Mindlin force law linearized about the static value of
the normal compression of contacts. The resulting elastic stiff-
ness is simply the slope evaluated atxi j . The tangential force
between neighboring grains in contact is defined in terms of
the tangential spring constantkt above.

The dissipative properties of the particles are defined as fol-
lows. The definition of the damping tensorBi j involves a nor-
mal damping and a tangential damping in analogy to the def-
inition of the elastic matrix Eq. (11). A representation of the
damping matrix in terms of the first order Taylor expansion
gives the following form which is an extension of the original
Hertz approach assuming the material to be viscoelastic in-
stead of elastic. The form of the damping tensorBi j has been
calculated by Kuwabara and Kono [27] and Brilliantovet al.
[25] (see also [26] for a review):

Bi j = γ
N(xi j )d̂i j d̂i j + γ

T(xi j )[I − d̂i j d̂i j ]. (14)

If the particles,i and j, are not in contact (|x j − xi | > 2R), we
set bothK i j = 0 Bi j = 0.

Both damping constants, normalγN(xi j ) and tangential
γT(xi j ), are proportional to the respective elastic constants in
the elastic counterpartskN(xi j ) andkT (xi j ). This is seen by
following the calculations of Brilliantov [25] for the dissipa-
tive force between two contacting particles. The total force
acting between viscoelastic particles can be derived from the
total stress tensor taking into account the elastic and dissipa-
tive parts (see Landau for details [28]):

σ̂ = σ̂(el) + σ̂(dis). (15)

The calculations are simplified since the elastic and dissipative
parts of the stress tensor are related in the quasi-static limit
[25, 28]:

σ̂(dis) = ẋi j
∂

∂xi j
σ̂(el). (16)

This leads to a dissipative force of the form:

FN
dis = ξknR1/2x1/2

i j ẋi j , (17)

whereξ is the damping parameter with unit of time and related
to the elastic and viscoelastic constant of the material from
which the particles are made. From [28] we have:

ξ =
1
2

(3η2 − η1)2

(3η2 + 2η1)

[ (1+ νg)(1− 2νg)

2Gg

]

, (18)

whereη1 andη2 are the viscous constants of the material of the
particles (see Eq. (23) in [25]). Comparing with the Hertzian
counterpart Eq. (7) we have the formal relation for the total
force in the normal direction:

FN
tot = const

(

x3/2
i j + ξx

1/2
i j ẋi j

)

. (19)

A similar derivation holds for the tangential components, for
which we have [25]:

FT
dis = ξktR

1/2x1/2
i j ṡ. (20)

These considerations leads to Eq. (14) with

γN(xi j ) = ξkN(xi j ), (21)

and

γT(xi j ) = ξkT (xi j ). (22)

Combining these equations we arrive at:

Bi j = ξK i j , (23)

which is used later to understand the trajectories of the normal
mode frequencies in the complex plane, considered as func-
tions ofξ: ωn = ωn(ξ).

The constitutive contact laws expressed by the Hertz-
Mindlin theory imply the trivial scaling between the stressand
strain (or volume fraction) under compression [29]:

σ ∼ ǫα, (24)

with α = 3/2 for Hertz contact force law, Eq. (7),σ is the
uniaxial stress andǫ is the strain. When the constitutive par-
ticles follow other force law, the exponentα is modified ac-
cordingly. In fact,α = 3/2 is expected for a collection of
monodisperse spherical Hertzian grains, which is not an ac-
curate description for the system we study here. Therefore,
we use a mechanical testing machine to measure the stress-
strain relationship exhibited by the tungsten powder and the
system of glass and steel beads confined in the cup. To per-
form this characterization, we sit a solid stainless steel plunger
on top of the powder. As demonstrated in Fig. 3a, we find a
weakly non-linear stress-strain response of the tungsten pow-
der. For the powder we use in this study, the power law ex-
ponent always falls significantly below that predicted by Eq.
(24),α = 1.15± 0.01. We also test the constitutive laws for
the systems of glass beads and steel beads (Fig. 3b) obtaining
theα exponent summarized in Table I.

B. Theory of normal modes in a dissipative medium

In what follows,xi, andui denote the equilibrium position,
and displacement from equilibrium, respectively, of thei-th
particle. The variablesθi represent the librational angles of
the i-th particle. In addition,W = Wẑ represents the dis-
placement of the cup wall in thez-direction. In the associated
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experiment,W =Wẑ is 1 micron, at least three orders of mag-
nitude smaller thanR, therefore, allui are infinitesimal and the
linear equation of motion for thei-th particle with massm is:

−mω2ui = K ′iω[ui + θi × d̂iw −W]+
∑

j

K ′i j [u j − ui + θ j × d̂ ji − θi × d̂i j ], (25)

where,di j = (1/2)(xi − x j) for the case when neighboring
particles are identical spheres, and the subscript,w indicates a
particle interacting with the cup wall. The equations of motion
for the angular variables are:

− ω2I i θ̇i = −diw × K ′iω[ui + θi × d̂iw −W]+
∑

j

di j × K ′i j [u j − ui + θ j × d̂ ji − θi × d̂i j ]. (26)

The stiffness matrixK ′i j modulates the elastic and viscous
interactions between neighboring particles and is defined in
terms of the elastic matrixK i j and the damping matrixBi j as
defined above:

K ′i j = K i j − iωBi j . (27)

Similarly, K ′iw describes the elastic and viscous interaction
between a particle and the wall of the cup; it is zero for par-
ticles not in contact with the wall. Next we write a compact
form of these equations of motion, Eqs. (25) and (26).

The linearized equation of motion for thei−th particle in the
system ofN particles with massm can be succinctly written
as:

Hi j (ω)u j = KiωW, i, j = 1 : 6N, (28)

where the dynamical matrix is:

Hi j (ω) = −mδi jω
2 − iωBi j + Ki j . (29)

Each term inHi j accounts for the inertial, dissipative and elas-
tic interactions at the contact between particlesi and j, re-
spectively. The vector{u j} represents the set of 3N particle
displacements and 3N particle rotations, andKiω is the gener-
alized spring constant connecting a particle to the walls ofthe
cup which moves oscillatory in thezdirection with amplitude
W. The effective mass is obtained by inverting the matrixH
[20]:

M̃(ω) = m[H−1(ω)] i j K jω. (30)

This result formalizes the relation between the resonance
peaks in the effective mass and the normal mode frequency
spectrum. The peaks observed inM̃(ω) (Fig. 2) are due to the
set of normal modes,en

j , that are a solution to Eq. (28) when
there is no forcing by the cup,W = 0, i.e.,

Hi j (ωn)en
j = 0. (31)

The normal modes are those eigenvectors ofH for which
the corresponding eigenvalue is zero, and they occur at the
complex-valued frequencies,ωn.

The normal mode frequencies,ωn, are the non-trivial solu-
tions of Eq. (31), in which the eigenvalue is 0. Regardless
the properties of the matricesK ,B it is a rigorous result that
for values ofξ below a critical and finite value,ξm, all the
modes are underdamped [30], meaningℜ(ωn) , 0 ∀ n . Sim-
ilarly, there is another finite, critical value,ξM, such that when
ξ ≥ ξM all the modes are overdamped [31]:ℜ(ωn) ≡ 0 ∀ n.
As ξ is increased fromξm to ξM each branch becomes criti-
cally damped at the valuesξc viz: ωn(ξc) = iλn n = 1, 2, ....
All normal modes have the same functional dependence on
ξ in the vicinity of such a critical point. LetD(λ, ξ) =
det{Hi j (ω = iλ, ξ)}. In the vicinity of the critical damping
pointλ = λnc, ξ = ξnc we may expandD in a Taylors series:

D(λ, ξ) = an(λ − λnc) + bn(ξ − ξnc) + dn(λ − λnc)2+

en(λ − λnc)(ξ − ξnc) + fn(ξ − ξnc)2 + . . .

, (32)

where

an =
∂D
∂λ
|(λnc,ξnc) bn =

∂D
∂ξ
|(λnc,ξnc)

dn = (1/2)∂
2D
∂λ2 |(λnc,ξnc) en =

∂2D
∂λ∂ξ
|(λnc,ξnc)

fn = (1/2)∂
2D
∂ξ2
|(λnc,ξnc)

(33)

The coefficients an, bn, . . . , fn are all real-valued because
{a j

i }, λnc andξnc are all real-valued.λnc is a double root ofD
because it represents the coalescence of two distinct complex-
conjugate roots in the limitξ → ξ−nc. Accordingly,an ≡ 0.
One may solve for the roots of Eq. (32):

ωn = iλn = iλnc ± ign(ξ − ξnc)
1/2 + O(ξ − ξnc)

+1 , (34)

wheregn =
√
−bn/dn is real-valued becauseλn is real-valued

whenξ > ξnc.
SinceH is a 6N × 6N matrix, there are 12N normal modes

in this model. In practice, the effective mass can be under-
stood in terms of a subset of these normal modes, which cor-
respond to the modes located in the complex region of interest
[−ωM ≤ Re[ωn] ≤ +ωM : −ωM ≤ Im[ωn],≤ 0], whereωM is
the maximal frequency measured in the experiment. The fre-
quency dependence of̃M(ω) can be expressed in terms of this
subset of normal modes through a pole decomposition [20] as
described in the next section.

Thus, this set of equations allow for an experimental mea-
surement of the normal mode frequencies directly from the
effective mass.

IV. POLE DECOMPOSITION

The matrixH is complex-valued, frequency-dependent and
symmetric. A non-Hermitian matrix likeH may lack, in gen-
eral, the property that its eigenvectors form a complete or-
thonormal basis [32]. However, according to a recent theorem
by Tzeng and Wu [33], there still exists 6N orthonormal vec-
tors which satisfy the following modified eigenvector prob-
lem:

Hi j e
n
j = λ

nen∗
i , (35)
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where the eigenvaluesλn are complex valued and the aster-
isk denotes conjugation. A normal mode of the system is a
solution to the set of Eqs. (25) and (26) in which there is
no forcing by the cup:W = 0. The corresponding displace-
ments or rotations are the eigenvectors ofH whose eigenval-
ues are zero, i.e.,λn(ωn) = 0. If we expand to first order:
λn(ω) = αn(ω − ωn) + O(ω − ωn)2, and introduce this expan-
sion into Eq. (30), we obtain the pole expansion:

M̃(ω) =
∑

n

An

ω − ωn
, (36)

with the residues given by

An =
men

i (ωn)en
j (ωn)K jw(ωn)

αn
. (37)

In reference [20] it was demonstrated that the sum Eq. (36),
is an exact expression for the effective mass. This allows us
to use the rational function approximation,M̃RF discussed in
the following section to extract the normal mode frequencies
from the effective mass. The matrixAn are the residues of the
poles representing the strength of each resonanceωn. Using
this expansion, which can be proved to be exact [20], the set of
normal modes and residues{ωm,Am} can be determined from
the experimental data of Fig. 2 via a search of all zeros of the
rational functionM−1 analytically continued to the complex
plane. We describe this procedure in the next Section V.

V. RATIONAL FUNCTION DECOMPOSITION TO
EXTRACT NORMAL MODES

We use the measured effective mass to extract the normal
modes via the pole decomposition described by Eq. (36).
Here, we describe the numerical procedure for generating the
rational function interpolation of our datãMRF, which we use
to determine the poles and the residues in our system.

In the experiments, we measure the effective massM̃(ωe
i )

at a series of discrete frequenciese= 1 : 1490 from 100 Hz to
a maximum frequency of 15 kHz. Using the reflection prop-
erty, M̃(−ωe∗

i ) = M̃∗(ωe
i ), we extend the experimental data to

negative real-valued frequencies, and we setM̃(0) = M0, the
static mass of the powder. So we are working with 2981 data
points on the real frequency axis.

To search for the normal mode frequencies we require
a complex valued function that passes through all the data
points on the real axis. To this end we employ the Bulirsch-
Stoer algorithm [34] to determine a rational interpolation
Ri(i+1)...(i+m)(x) of our data (xi , yi), . . . , (xi+m, yi+m).. Typically
[35]:

Ri(i+1)...(i+m)(x) =
p0 + p1(x) + . . . + pµxµ

q0 + q1(x) + . . . + qνxν
, (38)

where the coefficients of the numerator and denominator can
be complex numbers. We choose to use the rational function
in the recurring form:

Ri(i+1)...(i+m)(x) =
R(i+1)...(i+m)(x) − Ri...(i+m−1)(x)

( x−xi
x−xi+m

)(1− R(i+1)...(i+m)(x)−Ri...(i+m−1)(x)
R(i+1)...(i+m)(x)−R(i+1)...(i+m−1)(x) )

, (39)

where, the starting points areRi(x) = yi , Ri−1(x) = 0.
The polesωn correspond toMRF(ωn) = ∞. Therefore, we

identify the poles using the condition outlined by Eq. (41),
1

MRF(ω1) = 0. We employ Muller’s method [35] to identify the
poles in the complex plane. Once a normal mode frequency is
identified,ω1, we use Eq. (36), to determine the correspond-
ing residueA1, A1 = limω→ω1(ω − ω1)MRF(ω). Using the re-
flection property, we obtain the corresponding symmetric pole
and residue which are−ω∗1 and−A∗1.

The main resonance peak iñM(ω) is often very large com-
pared to the rest of the peaks, which makes it simple to find
the first pole, but increasingly difficult to find the remaining
poles by Muller’s method. Thus, to find the next pole we use
the difference between the original effective mass and the ef-
fective mass given by Eq. (36). That is, we define a new set
of data points{ωe

i ,M
2
i } by

M2
i (ωe

i ) = Mi(ωe
i ) −

A1

ωe
i − ω1

−
−A∗1

ωe
i − (−ω∗1)

. (40)

This iterative process is repeated to identify all of the poles
that make a notable contribution to the measured effective
mass. As a test of the accuracy of this approach, we compare
the real data to that from Eq. (36) utilizing all of poles and
residues as shown in Fig. 4. The difference between the data
and the fitting is negligible indicating that the relevant poles
in the frequency range of measurement have been identified.
The other systems at different stress behave similarly.

As explained above, there are 12N normal modes. The
modes that we observe in the effective mass are those with
the largest residues in the pole decomposition as expressedby
Eq. (36). While it is visually apparent that only a few modes
appear in the experimental effective mass, like in Fig. 2, when
we subtract the pole contribution of the principal mode, then
a finer structure appears, as seen in Fig. 4. The curve called
Remainder in Fig. 4 appears with many (small) peaks sig-
naling the existence of many more modes in the system. The
fact that these modes are visible only after subtracting thefirst
modes, is because their residues are very small and therefore
do not contribute much to the effective mass. Thus, the effec-
tive mass is sensitive to the most important extended modes
in the system as given by the visible resonance peaks. These
modes are extended and define the correlation length of the
system. The remaining modes are still part of the effective
mass but their contribution is small.

To locate the remaining modes, we repeat the process of
subtracting the pole contribution from Eq. (36) after we lo-
cate the largest pole in the remainder signal. In this way,
we keep locating all the modes in the system. We estimate
that we have approximately 1 million particles in the tung-
sten system. While it is not realistic to expect to find all the
6 million modes by this method, the pole decomposition pro-
vides a large number of the most important modes that define
the effective mass in the region of observation. Indeed, there
could be other modes that are outside the frequency domain of
measurement and cannot be measured. Beyond this, the only
limitation to locate the modes is the resolution of the signal
obtained as a remainder after subtracting each pole from Eq.
(36).
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VI. INTERPRETATION OF EXPERIMENTAL DATA

In practice, we fit a complex valued rational function to our
experimental data,M̃RF(ω) to determine the set of perceiv-
able normal modes and residues{ωn,An} (Fig. 2). Utilizing
M̃RF(ω) the normal modes are identified by the criteria of Sec-
tion V:

1

M̃RF(ωn)
= 0. (41)

The locations of the complex-valued normal modes in the
ω-plane (Re[ωn], Im[ωn]) are plotted in Fig. 5 for the tung-
sten system atσ = 44.8 kPa. The poles are located rela-
tively close to the real axis, indicating that the system is un-
derdamped, Im[ωn] ≪ Re[ωn], which is consistent with our
previous experience [20]. Furthermore, the data of Fig. 5 of
the identified normal modes frequencies follow, in average,
a parabolic curve in the complex plane. We have confirmed
that this parabolic shape also holds for the other stress levels,
however the data is more noisy. This parabolic shape is also
confirmed in numerical simulations done in [36].

This result provides the basis for interpreting the experi-
mental data. Indeed, the parabolic curve can be shown to
be the result of a weakly damped system with a commuta-
tive property of the dynamical matrices: if the damping and
stiffness matrices commute,KB = BK , the trajectories can be
approximated by parabolas for small damping. As an illustra-
tive example of this, let us investigate a consequence of the
approximation Eq. (23) between the elastic and the damping
matrices.

An important implication of Eq. (23) is that the matrices
K andB commute:KB = BK , and the set{en

j } are the com-
plete eigenvectors for both matrices. The normal modes in
the damped system are exactly the same as in the undamped
case except that they now have complex-valued frequencies,
due to the attenuation. In the presence of damping, each mode
exactly decouples.

Expanding Eq. (31) we have,
[

−mδi jω
2
n − iωnBi j + Ki j

]

en
j = 0. (42)

Whenξ > 0 the normal mode frequencies are complex. If we
substitute the approximation Eq. (23) into Eq. (42), we have:

[

−mδi jω
2
n − iωnξKi j + Ki j

]

en
j = 0. (43)

The approximation Eq. (23) implies thaten
j is also an eigen-

vector ofB, which permits us to simplify Eq. (43):

−ω2
n − iξω2

n0ωn + ω
2
n0 = 0, (44)

whereωn0 are the normal modes of the system without damp-
ing, ξ = 0. Equation (44) is a quadratic equation with roots:

ωn = −i
ξ

2
ω2

n0 ± ωn0

√

1−
(ξωn0

2

)2
. (45)

For large enough damping,ξ > ξc = 2/ωn0, these normal
modes are overdamped, and the corresponding frequencies are

purely imaginary. For weak damping,ξ < ξc, the modal fre-
quencies are damped oscillators. In this case:

ξ < ξc : |ωn(ξ)| = ωn0. (46)

Thus, when Eq. (23), the underdamped modes have the
property that, for a fixedξ ≪ ξc, the modes lie approximately
on a parabola given by:

Im[ωn] ≈ − ξ
2

Re[ωn]2. (47)

As seen in Fig. 5, the modes exhibit a parabolic shape in the
ωn-plane, which suggests the validity of Eq. (47) in average.
We fit Eq. (47) to the modal frequencies obtained experimen-
tally in Fig. 5, and findξ = (2.2± 0.2)× 10−5s≪ ξc = 2/ωn0,
confirming that the system is weakly damped. We conclude
that the scaling of the undamped normal modes can be ex-
tracted via Eq. (46), i.e. by plotting the absolute value,|ωn|
against applied stress.

VII. LOCATION OF THE MISSING MODES

At this point we would like to show how the results of
our analysis can give an indication of where, in the com-
plex plane, the remaining normal mode frequencies are lo-
cated. These missing normal mode frequencies correspond to
residues which are negligibly small in the measured effective
mass and are not visible in the effective mass decomposition.
Consider Eq. (45) which may be re-written as

[ℜ(ωn)]2 + [ℑ(ωn) + ξ−1]2 = ξ−2 (48)

Thus, if the matricesB andK commute all the normal mode
frequencies, for a fixed value of the damping parameter,ξ,
lie on a circle of radius 1/ξ centered on the point−i/ξ, as
discussed above. In a separate effort of ours [36] we have
investigated the extent to which these results may hold true
with computer simulations. We have performed molecular dy-
namic simulations of ensembles of spherical grains in which
we take the spring constants,K , to be given by the Hertz-
Mindlin theory and we have taken the damping constants,B,
to be the same for every non-zero contact. AlthoughB andK
do not commute in this case, the computed normal mode fre-
quencies are reasonably well described by the predictions of
Eq. (45) as we show in Fig. 6 which is reproduced from [36].
Specifically, for each value of the damping parameter,ξ, the
set{ωn} approximately lies on a circle whose radius decreases
asξ is increased, Eq. (48). The matricesB andK are mostly
zero-valued, except for grains which are actually in contact
with each other. In this sense we may say that they approxi-
mately commute; hence Eqs. (46) and (48) are approximately
true.

We suppose these features also apply to real data on real
granular media as we have already seen in Fig. 5. In order to
draw some quantitative conclusions from our data we replot,
in Fig. 7, some of our previously published results [20] which
were deduced from the measured effective mass of tungsten
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granules lightly coated with viscous PDMS fluid. The differ-
ence between the system of coated tungsten particles used in
Fig. 5 and Fig. 7 is that in the later we use larger amount of
silicone oil to coat the particles (80 mg as indicated). Thus,
the damping in the system is increased as shown in [20]. We
have fit the data to Eq. (48) using the cost function

χ(R) =
∑

n

| An | r2
n [θn − θ(rn; R)]2 . (49)

Here, R = 1/ξ is the radius of the circle and the resonant
frequencies are written in polar coordinates:ωn = rn exp (iθn).
An are the residues of the poles in the decomposition of the
effective mass data, Eq. (36); their magnitudes are indicated
by the sizes of the symbols in Fig. 7.θ(r; R) = − arcsin(r/2R)
is the representation of Eq. (48) in polar coordinates. The
results are shown in Fig. 7(a).

Although the existing data cover only a small arc of the
circle, we feel that based on the results of our numerical sim-
ulations, and the fact that the existing data do trend along the
curve, Eq. (48), we may conclude that the underdamped res-
onance frequencies which we are not able to directly locate
with our effective mass measurements lie roughly between the
bounds of the two dashed curves in Fig. 7. The overdamped
resonance frequencies will lie on the negative imaginary axis,
of course.

VIII. STRESS-DEPENDENCE OF THE
CHARACTERISTIC FREQUENCY

The pole with the largest residue contributing to the reso-
nance frequency at the main peak of the effective mass defines
the characteristic frequency|ω∗(σ)|. By the absolute value we
indicate that this is the characteristic frequency of the damped
modes obtained via the effective mass to distinguish it from
the undampedω∗D obtained from the Debye departure in the
density of states in Eq. (1). Figure 8 shows|ω∗(σ)| indicat-
ing a power-law dependence onσ consistent with Eq. (1)
for the tungsten powder. Using an OLS estimator, we find
Ω′ = 0.15± 0.02 (R2 = 0.9949). More specifically, the fitting
yields:

|ω∗(σ)| = (3.27± 0.03)σΩ
′
, (50)

with σmeasured in kPa and the frequency in kHz.
Using the stress vs strain curve in Fig. 3a withα = 1.15±

0.01, we findΩ = 0.17± 0.02 andδ = 0.10± 0.02 for the
tungsten powder.

We test further the results with packings constituted by dif-
ferent particle types. We use spherical particles made of glass
beads (1mm diameter) and steel balls (2mm diameter) with-
out coating. Figure 8 shows the scaling of|ω∗| with stress for
these systems and the exponents (Ω′,Ω, δ, α) are indicated in
Table I (see Fig. 3b for constitutive law). We find for glass
beadsδ = 0.14± 0.02 and for steel ballsδ = 0.13± 0.02.

The exponent of the tungsten particles is smaller than the
rest. We hypothesize that irregularities in particle shapemay
add some complexity in the modes not seen in spherical par-
ticles. These particles were obtained by fusing two or three

irregular (approximately cubic) particles with facets andan-
gularities that may introduce modes not seen in spherical par-
ticles coupling the rotational and translational modes in an un-
controlled way.

We also test the scaling of the other modes obtained from
the effective mass by looking at the modes with smaller
residue than the main characteristic frequency. We find that
the other modes scale with similar exponent as the character-
istic mode|ω∗| (Fig. 9). The lack of data in the second peak
for large stress is due to the fact that they fall outside of our
experimental range of observation for high enough pressures.
This is also corroborated by the data collapse shown in Fig. 2c
and 2d. The result of the characteristic frequency following a
decreasing path in stress is plotted in Fig. 10 showing that
the scaling of the characteristic frequency with stress yields
similar exponent as the upward path in stress shown in Fig. 8.

IX. CONCLUSIONS

Our results suggest that granular materials near jamming
behave critically with a characteristic frequency defined by a
critical exponentδ. The experimental exponentsδ are con-
sistently smaller thanδth = 1/2 predicted by theory [6, 7].
Such an anomalous exponentδ < 1/2 poses new theoretical
challenges to explain frictional systems with translational and
rotational degrees of freedom. It might be possible that the
path followed in stress space may change the value of the ex-
ponents. The usual path followed in previous works is along
the line of zero shear stress, as a function of packing fraction.
The present experiments follow a line of changing uniaxial
stress, which would place it along a path that excites bulk and
shear modes. Thus, it is plausible that the exponents might
be affected by the path taken to approach the jamming transi-
tion. Another interpretation is that the lowest of our frequen-
cies may not be a proxy for the cutoff frequencyω∗D, which
separates the region of excess density of states from the De-
bye region. However, if some universality could be claimed at
the jamming transition, both characteristic frequencies should
scale with stress with the same universal exponent. In the
same line, it is interested to note that the lowest frequencyes-
timated from the effective mass is directly obtained from the
dynamical matrix as done inω∗D as well.

In general, other mechanical properties such as elastic con-
stants (shear and bulk moduli), sound speeds, and attenuation
can be obtained from the effective mass measurement [18, 20].
Furthermore, the theory can be extended to non-spherical par-
ticles as well [37].Thus, the effective mass technique facili-
tates a systematic test of the scaling laws of the anomalous
mechanical and acoustic properties of athermal and dissipa-
tive granular systems near the jamming transition. We hope
that this technique may open new experimental tests of gran-
ular matter near the jamming point.

Acknowledgements. We acknowledge funding by DOE
Office of Basic Energy Sciences, Geosciences Division, Grant
DE-FG02-03ER15458. This work was partially supported by



8

NSF-CMMT. We are grateful to S. Reis and E. Kyeyune-
Nyombi for help with experiments and simulations. F. San-

tibanez acknowledges FONDECYT POSTDOC project No

3120130.

[1] A. L. Liu, S. R. Nagel, (eds.),Jamming and Rheology: Con-
strained Dynamics on Microscopic and Macroscopic Scales
(Taylor & Francis, London, 2001).

[2] S. Alexander, Phys. Rep.296, 65 (1998).
[3] C. F. Moukarzel, Phys. Rev. Lett.81, 1634 (1998).
[4] H. A. Makse, D. L. Johnson, L. M. Schwartz, Phys. Rev. Lett.

84, 4160 (2000).
[5] C. S. O’Hern, S. A. Langer, A. J. Liu, S. R. Nagel, Phys. Rev.

Lett. 88, 075507 (2002).
[6] M. Wyart, S. R. Nagel, T. A. Witten, Europhys. Lett.72, 486

(2005).
[7] M. Wyart, L. E. Silbert, S. R. Nagel T. Witten, Phys. Rev. E72,

051306 (2005).
[8] A. J. Liu, S. R. Nagel, W. van Saarloos, M. Wyart, The jam-

ming scenario - an introduction and outlook, inDynamical Het-
erogeneities in Glasses, Colloids, and Granular Media(Oxford
University Press, 2011).

[9] C. S. O’Hern, L. E. Silbert, A. J. Liu, S. R. Nagel, Phys. Rev. E
68, 011306 (2003).

[10] L. E. Silbert, A. J. Liu, S. R. Nagel, Phys. Rev. Lett.95, 098301
(2005).

[11] E. Somfai, M. van Hecke, W. G. Ellenbroek, K. Shundyak, W.
van Saarloos, Phys. Rev. E75,020301R (2007).

[12] N. Xu, M. Wyart, A. J. Liu, S. R. Nagel, Phys Rev. Lett98,
175502 (2007).

[13] H. Zhang, H. A. Makse, Phys. Rev.E 72, 011301 (2005).
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Material Size Shape Damping Ω′ α Ω = αΩ′ δ

Tungsten powder ∼ 150µm irregular coating 0.15 1.15 0.17 0.10
Glass beads 1 mm sphere no coating 0.21 1.25 0.26 0.14
Steel balls 2 mm sphere no coating0.195 1.21 0.24 0.13

Theory linear spring [6] – sphere – 1/2 1 1/2 1/2
Theory Hertz [6] – sphere – 1/2 3/2 3/4 1/2

TABLE I: Summary of the measured exponents and predicted by theory.
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X. APPENDIX. EXPERIMENTAL SET UP

We characterize the normal mode spectrum of the granular
medium by measuring the effective mass. The main results in
the text are for a granular medium made of tungsten powder
that is lightly coated with silicone oil (PDMS) of viscosity894
cP. We also present results for spherical glass beads of 1 mm
diameter and spherical steel balls of 2mm. Both systems are
uncoated. The preparation protocol is the same for all cases.
Below, we explain the experimental procedure for tungsten
particles.

The tungsten powder [19] and coating procedure [20] are
discussed elsewhere. In the latter reference we found that the
light PDMS coating significantly dampened or eliminated the
low amplitude modes in the system. This is advantageous for
the purposes of this study because it permits us to unambigu-
ously monitor the effect of pressure on the trajectory of the
dominant large amplitude modes in the system. The purpose
of using tungsten as a material for the particles is to achieve a
large mass of the granular system in comparison with the mass
of the cup, to maximize the difference between both quantities
and obtain a reliable effective mass.

After coating,∼100 g of the weakly wet powder is poured
into a cylindrical cup (Fig. 1). The cup has internal diame-
ter=2.54 cm, and height=3.08 cm. The sides of the cup are
tapped to encourage the powder to settle, and yield a flat free
surface. Finally, the system is compacted using a cyclical
stress imposed with an Inkstrom press of sequentially increas-
ing then decreasing amplitude as we have previously devel-
oped [21]. The maximum stress amplitude is 118.5 kPa. It
was previously shown [19] that this handling procedure suit-
ably produces a finite sized granular medium with a repro-
ducible effective mass which is independent on the amplitude
of oscillation. The mechanical compaction protocol is dis-
cussed in detail in reference [19].

The effective mass measurement is discussed in reference
[18–20]. The cylindrical cup is subjected to a vertical, sinu-
soidal displacement where the vibrational frequency is varied
in the range 0.1 - 15 kHz. We take frequency steps of 10 Hz,
and at each frequency we measure the force on the bottom of
the cup, and the acceleration at two points on opposite ends of
a single diameter. The mass is determined by the difference
between the ratio of the force to the average acceleration, and
the static mass of the cup. The effective mass is a frequency
dependent complex value, owing to the partial in phase partial
out of phase motion of the individual grains.

The objective of this work is to observe the effect of a uni-
axial confining pressure on the dominant normal modes in our
granular system. To impose a sequentially increasing stress
on the granular medium, we place a thin∼ 5 - 8 mm ure-
thane plug on the free surface of the powder, and screw a cap
on top of the cup. After determining the orientation of the
cap corresponding to initial contact with the top of the ure-
thane, we further tighten the cap to impose a uniaxial com-
pressive stress. Each rotation of the cap corresponds to an ax-
ial displacement that is governed by the characteristics ofthe
threads which support the cap. To convert this displacement
to a stress, we use a mechanical testing machine to charac-

terize the stress-displacement relationship of the coupled ure-
thane/tungsten powder system in the cup.

The results of the effective mass are shown in Fig. 2. It
is visually apparent from Fig. 2 that only a few modes ap-
pear in the effective mass while 12N modes are expected. The
effective mass is sensitive to the extended modes in the sys-
tem corresponding to collective motion of the grains. For
instance, the main mode from where we obtain the charac-
teristic frequency, is an extended mode spanning the system
size. The remaining modes are more localized, correspond
to modes with smaller residues, or are heavily damped and
are difficult to observe them in the shape of the effective mass.
However, all the 12N modes appear in the effective mass mea-
surement. The remaining modes, being more damped, do not
show easily in the shape of the effective mass. Thus, the effec-
tive mass is most effective in finding the main extended modes
in the system.

Thus, modes with small residues are difficult to see in the
effective mass since they are overshadowed by the extended
modes with larger residues appearing as large peaks in Im(ω).
This picture is corroborated in the pole analysis of Fig. 4.
When we subtract the main pole contribution of the character-
istic frequency|ω∗|, a finer structure with many small peaks
(called Remainder in Fig. 4) appears. This finer structure cor-
responds to the remainder modes with smaller residues. By
subtracting one by one the contribution of these modes from
the effective mass, in principle, we could obtain the entire sub-
set of the 12N modes that appear in the window of observa-
tion. In practice, we do it for only the few largest modes since
we are interested in the extended modes that test the critical-
ity of the system. However, the procedure can be extended
to find more modes until a given resolution preset by the ex-
perimental measurement of the effective mass. That is, one
can continue extracting modes from the pole decomposition
as long as the mass measurement can resolve the peaks in the
Reminder of the effective mass.

Thus, while nonlinearities are inherent in the system, still
the 12N modes are part of the effective mass, at least those
that are within the experimental window of observation. As
long as the sought-after poles lie within the rectangle [±15
kHz,±i15 kHz], our procedure will determine their properties
with a reasonable accuracy.
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FIG. 1: (Color online) Schematic of cup used in effective mass ex-
periments. A compliant plug is sandwiched between the tungsten
powder and the cap. The uniaxial confining stress is increased by
tightening the cap.



12

-2

-1

0

1

2

3

-2

-1

0

1

2

3

5 10 15

ω [kHz]

0

2

4

M
2

[k
g

]

0.5 1 1.5 2 2.5

ω/|ω*| [kHz]

0

2

4

M
2

[k
g

]
M

1
[k

g
]

M
1

[k
g

]

44.8 kPa

183.2 kPa

322.2 kPa

614.3 kPa

1.172 MPa

2.116 MPa

a

b d

c

FIG. 2: (Color online) Effective mass of tungsten particles in a cup as
a function of driving frequency:(a) Real partM1(ω), and(b) Imag-
inary part, M2(ω), plotted for the indicated external stresses. We
calculateM̃ for 13 stresses betweenσ = 44.8 kPa and 6.39 MPa
and show six curves as indicated for clarity. All datasets are avail-
able at http://jamlab.org.(c)-(d) Data collapse ofM1(ω) andM2(ω)
according to the scaling scenario Eq. (1).
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(a)

(b)

FIG. 3: (Color online) Force constitutive law. We measure the axial
stress vs. strain response of (a) the tungsten powder confined in the
cup and find an approximate power-law with exponent 1.15± 0.01,
averaged over load and unload, (b) the packing of glass beadsand
steel balls with exponentsα given in Table I.
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FIG. 4: (Color online) Pole decomposition. Comparison of pole de-
composition using Eq. (36) and the obtained poles and experimental
data at 44.8 kPa for the tungsten particles. We also plot the difference
showing that many more nodes with small residues are still present
in the effective mass.
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FIG. 5: (Color online) Location of the normal mode frequencies
in the complex-value plane (Re[ωn], Im[ωn]) which contribute to
the pole decomposition Eq. (36) of the data plotted in Fig. 2 for
σ =44.8 kPa. Solid line represents a fit according to the parabolic
Eq. (47). This equation neglects the fluctuations in the force distri-
bution, which explains the scattering of the data around theparabolic
fit. Other stresses behave similarly.
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FIG. 6: (Color online) Computed complex-valued normal modefre-
quencies of a simulated system of 400 particles interactingvia con-
tact springs and dampers for 5 different values of the damping pa-
rameter. From Ref. [36]. Although the matricesK and B do not
commute in this case, the normal mode frequencies approximately
follow the predictions of Eq. (48), which is shown as a solid curve
for different values ofξ.
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FIG. 7: (Color online) (a) Complex-valued normal mode frequencies
determined from experimental data of loose granular tungsten parti-
cles, lightly coated with 80 mg of PDMS of viscosity 894 cP. From
Ref [20]. This system is identical to the system of Fig. 5 except for
larger amount of PDMS which increases the dissipation. The size of
each symbol is proportional to the magnitude of the residue,An, in
the decomposition of the effective mass data. The solid curve is a
best fit of the data to Eq. (48). The dashed curves are for radius val-
ues corresponding to the full width at double the minimum of the cost
function, Eq. (49). (b) Same as (a) but with an expanded scale. We
expect the missing normal mode frequencies - those whose residues
are negligibly small in the measured effective mass - to lie within
these bands or on the negative imaginary axis.
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FIG. 8: (Color online) Absolute value of the characteristicfrequency,
|ω∗(σ)|, corresponding to the main resonance peak of the effective
mass as a function of stressσ rescaled by the shear modulus (Gg)
of the material from which the particles are made. We plot results
for experimental systems composed of tungsten irregular particles
of ∼ 150µm coated with PDMS, uncoated spherical glass beads of
1mm, uncoated steel balls of 2mm. Solid lines are power-law fits
with OLS estimator. Exponents are reported in Table I.
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FIG. 9: (Color online) Scaling of the modes obtained from thefirst
and second peak of the tungsten system showing similar scaling with
pressure.
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FIG. 10: Test of reversibility in the glass beads experimental system.
We follow a decreasing path in pressure and obtain similar exponent
Ω′ = 0.20± 0.02 as the one obtained with the upward pressure path
reported in Table I.


