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Dynamics of granular stratification
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Spontaneous stratification in granular mixtures—i.e., the formation of alternating layers of small-rounded
and large-faceted grains when one pours a random mixture of the two types of grains into a quasi-two-
dimensional vertical Hele-Shaw cell—has been recently reported by H. A. Makseet al. @Nature 386, 379
~1997!#. Here we study experimentally the dynamical processes leading to spontaneous stratification. We
divide the process in three stages:~a! avalanche of grains and segregation in the rolling phase,~b! formation of
the ‘‘kink’’—an uphill wave at which grains are stopped—at the bottom substrate, and~c! uphill motion of the
kink and formation of a pair of layers. Using a high-speed video camera, we study a rapid flow regime where
the rolling grains size segregate during the avalanche due to the fact that small grains move downward in the
rolling phase to form a sublayer of small rolling grains underneath a sublayer of large rolling grains. This
dynamical segregation process—known as ‘‘kinematic sieving,’’ ‘‘free surface segregation,’’ or simple
‘‘percolation’’— contributes to the spontaneous stratification of grains in the case of thick flows. We charac-
terize the dynamical process of stratification by measuring all relevant quantities: the velocity of the rolling
grains, the velocity of the kink, and the wavelength of the layers. We also measure other phenomenological
constants such as the rate of collision between rolling and static grains, and all the angles of repose charac-
terizing the mixture. The wavelength of the layers behaves linearly with the thickness of the layer of rolling
grains~i.e., with the flow rate!, in agreement with theoretical predictions. The velocity profile of the grains in
the rolling phase is a linear function of the position of the grains along the moving layer, which implies a linear
relation between the mean velocity and the thickness of the rolling phase. We also find that the speed of the
upward-moving kink has the same value as the mean speed of the downward-moving grains. We measure the
shape and size of the kink, as well as the profiles of the rolling and static phases of grains, and find agreement
with recent theoretical predictions.@S1063-651X~98!07809-X#

PACS number~s!: 81.05.Rm
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I. INTRODUCTION

Size segregation of granular mixtures@1–7# is known to
occur when mixtures are exposed to external periodic per
bations. A much-studied size segregation phenomeno
known as the ‘‘Brazil nut effect’’@8–12# and occurs when
upon vibration, larger grains rise on a bed of finer grai
Axial size segregation in alternating bands consisting
small and large grains occurs when a mixture of grains
placed in a horizontal rotating cylinder@13–16#. It is also
known that even in the absence of external perturbati
mixtures of grains of different sizes can spontaneously s
regate. For example, when a mixture of spherical grains
different sizes is poured onto a heap, the large grains
more likely to be found near the base, while the small gra
are more likely to be near the top@17–26#.

Another type of segregation, called spontaneous stra
cation, arises when the grains composing the mixture di
not only in size but also in shape~or friction properties!.
When a mixture of large grains that are more faceted
small grains that are less faceted is poured in a ‘‘granu
Hele-Shaw cell’’ ~two vertical slabs separated by a gap
typically 5–10 mm!, the mixture spontaneously stratifies in
alternating layers of larger faceted grains and sma
rounded grains@27#. Figure 1~a! shows an example of suc
stratification. A mixture of large cubic sugar grains~typical
diameter 0.8 mm! and smaller spherical glass beads~diam-
eter 0.19 mm! is poured in the cell. We notice the stripe
PRE 581063-651X/98/58~3!/3357~11!/$15.00
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pattern with approximately constant wavelength.
In contrast, when the mixture is composed of larger le

faceted grains and smaller more faceted grains, the mix
only segregates—i.e., the small more-faceted grains
found preferentially at the top of the cell, while the larg
less-faceted grains are found near the bottom@27#. Figure
1~b! shows an example of such segregation, when a mix
of small faceted sand grains~typical size 0.3 mm! and large
spherical glass beads~typical size 0.8 mm! is poured in the
cell.

The dynamical process leading to spontaneous stratifi
tion was recently studied theoretically@28–31# using discrete
models, and a set of continuum equations for surfaces fl
of granular mixtures developed in Refs.@32–35#. In this the-
oretical formalism, the grains are considered to belong to
of two phases: astatic or bulk phaseif the grain is part of the
solid sandpile, and arolling or liquid phaseif the grain is not
part of the sandpile but rolls downward on top of the sta
phase. In Ref.@28# the dynamics of spontaneous stratificati
was found to be governed by the existence of a ‘‘kink’’
which the grains are stopped during an avalanche.

In this paper, we study experimentally the dynamical p
cesses leading to spontaneous stratification. Using a
speed video camera to study the motion of the grains in g
detail, we divide the dynamical process of stratification in
three stages~see Fig. 2!: ~a! The avalanche of grains dow
the slope, and size segregation of grains in the rolling ph
due to ‘‘percolation.’’~b! The formation of the ‘‘kink’’—an
3357 © 1998 The American Physical Society
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3358 PRE 58MAKSE, BALL, STANLEY, AND WARR
uphill wave at which grains are stopped.~c! The uphill mo-
tion of the kink and formation of a pair of layers.

We study a well-developed flow regime where the rolli
grains segregate during the flow. In this regime the thickn
of the layer of rolling grains is larger than the typical size
a graind ~typically 5d), and the smaller rolling grains ar
found to percolate downward in the rolling phase to form
sublayer of smaller rolling grains underneath the sublaye
larger rolling grains. This dynamical size segregation p
cess, known as ‘‘percolation’’ or ‘‘kinematic sieving’
@20,21,23–25#, contributes to the stratification of grains.

Stratification is an instability developed due to a comp
tition between size segregation and shape segregation@29#.
In the case of thin flows, size segregation occurs since
smaller grains are captured more easily than larger grain
the case of thick flow regimes study here, the kinematic s
ing in the rolling phase is mainly responsible for the s
segregation of the grains. Since the larger grains are on
of the rolling phase, they are convected further down th
the smaller grains, producing the size segregation eff

FIG. 1. ~a! Example of stratification for a mixture of smalle
rounded grains~white spherical glass beads! and larger faceted
grains~black sugar grains!. ~b! Example of sharp segregation for
mixture of smaller faceted grains~black sand! and larger rounded
grains~white spherical glass beads!. Notice the sharp zone of sepa
ration of the species in the middle of the pile. This is the result
strong segregation effects acting in the system. Notice also
smaller angle of repose of the spherical beads at the bottom o
pile.
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which together with the segregation due to different shape
the grains, gives rise to the instability leading the system
spontaneously stratify@29#. It is important to note that per
colation in the rolling phase is not a sufficient condition
obtain stratification. For thick flows and when the lar
grains are smoother, segregation in the rolling phase
occurs, and yet we do not get stratification but only the sh
segregation pattern of Fig. 1~b!.

A large difference in size is also a condition for the pe
colation effect to take place—usuallyr.1.5, wherer is the
ratio of the size of the large grains to the size of the sm
grains. We performed a series of experiments with mixtu
of glass beads and sand withr,1.5 and found continuous
segregation patterns~as opposed to the sharp segregat
pattern with a separation zone of a few centimeters of F
1~b! obtained forr.1.5) no matter the shape of the grain
This is because, whenr,1.5, the effect of size segregatio
is very weak.

The limiting case in which both species of grains a
spherical was first studied by Williams@19,36,37#; his results
~showing segregation plus a hint of stratification! differ from
our results for this case~showing only segregation!. We be-
lieve that the reason is that the grains used by Williams w
not quite spherical, inducing some shape segregation as
According to the above interpretation, we note that expe
ments with mixtures of perfect spherical beads differing o
in size should not show stratification since the shape se
gation effect is not present and size segregation alone~even
due to percolation! is not able to produce stratification— an
our work confirms these expectations. However, some os
lations might still be present around the stable segrega
profile, as seen in previous experiments using mixtures
spherical beads@37#.

Here we focus on the regime where segregation in
rolling phase takes place. We characterize the kinematic

f
e
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FIG. 2. Three stages of the dynamics of stratification:~a! ava-
lanche of grains,~b! formation of the kink at the bottom substrat
~c! uphill motion of the kink.
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PRE 58 3359DYNAMICS OF GRANULAR STRATIFICATION
colation process, and measure the velocity gradient of
grains during the avalanche. We find a linear velocity pro
of the rolling grains, and that the mean velocity of the rolli
grains is the same as the velocity of the kink. We also st
the shape and size of the kink—and thereby measure
wavelength of the layers. We find that the wavelength
creases linearly with the flux of grains, a result in agreem
with recent theoretical predictions@28#. We also measure th
profiles of the rolling grains and static phases of the pile, a
the values of several phenomenological coefficients wh
appear in the theory for surface flows of granular mixtur
Our results are valid for flow rates of the order of g/s
~which gives rise to a rolling phase less than 1 cm thick!. We
also comment on the applicability of our results, and on
deviations that may occur for smaller and larger flow
gimes.

II. EXPERIMENTAL SETUP

Our experimental setup consists of a granular Hele-Sh
cell: a vertical ‘‘quasi-two-dimensional’’ cell with a narrow
gap separating two transparent plates~made of Plexiglass, o
of glass!. The cell measuresL530 cm of lateral size and 20
cm high, and the gap isl 50.5 cm. We close the left edge o
the cell. We clean the walls of the cell with an antista
cleaner in order to avoid the effects of electrostatic inter
tion between the grains and the wall.

In this study, we focus on spontaneous stratification. In
our experiments, we use a mixture of grains composed
two species differing in size and shape: smaller glass be
of average diameter 0.1960.05 mm, spherical shape~95%
sphericity!, angle of reposeu11526°61° ~we call these type
1 grains!, and larger faceted sugar grains of typical size
mm, approximate cubic shape and angle of reposeu22
539°61° ~type 2 grains!.

The typical size of the sugar grains is obtained by m
suring the volume of the cubic grains and calculating
typical size as the cubic root averaged over 20 differ
grains. We obtain the value of the angle of repose of
species by pouring the pure species in the Hele-Shaw
and measuring the resulting angle of the pile, averaging o
5 realizations of the sandpile. The angle thus measured is
the actual angle of repose corresponding to a conical p
since the presence of the wall induces extra friction t
slightly increases the equilibrium angle of the pile@38#.
However, we are interested in the angle of repose for
specific geometry since our experiments on stratification
done in the cell.

We fill the cell at different rates of adding grains~flux!.
We use a Kodak Ektapro 1000 digital high speed camer
film the motion of individual grains during the formation o
the layers. The camera produces 1000 digital frames per
ond with a resolution of 2383191 pixels. We record image
during 1.6 s, and achieve longer recording times by lower
the frame rate. The digital images we download to a wo
station for further image processing.

III. THE ANGLE OF REPOSE OF THE PURE SPECIES

Since stratification is related to the different angles
repose of the pure species, we first study how the angl
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repose depends on the size and shape of the grains. We
sure the angle of repose of different sets of spherical g
beads of different size, and find the same value within er
bars~see Fig. 3!. The angle of repose does not depend on
size of the grains, since a simple isotropic rescaling of
pile coordinates transforms a pile of smaller spherical gra
into a pile of large spherical grains, while leaving invaria
the angle of the pile.

The value of the angle of repose we find for thespherical
glass beads is smaller than the value we find for thecubic
sugar grains. In general, we find that the angle of repose d
not depend on the size of the grains, and is a function of
shape of the grains: the rougher the shape of the grains
larger the angle of repose—because for more faceted gr
the packing of grains is less dense than for more roun
grains.

A particular case is found when the size of the grains is
the order of micrometer. Spherical beads of size 40mm
have a larger angle of repose than the same spherical b
but of size of the order of mm~see Fig. 3!—because adhe
sion forces become important, increasing the angle of rep
of the species. The scale of micrometers is the lower limit
applicability of our results, since at the submicrometer sc
particles undergo Brownian motion@7# and our analysis of
collisions and transport at zero temperature ceases to
valid.

IV. THE KINK MECHANISM

A physical mechanism has been proposed for the form
tion of the layers, which is related to the existence of
‘‘kink’’ @27,28,30#. Suppose, e.g., that a pair of static laye
is formed with the layer of larger grains on top of the layer
smaller grains~Fig. 2!. When an incoming mass of grain
avalanches down the slope, the larger grains reach the
of the pile first, due to the fact that large grains do not tend
get trapped~in local minima of the sandpile profile! as easily
as small grains. Additionally, in the case of thick flows, t
smaller grains also size segregate to the bottom of the rol

FIG. 3. Angle of repose of a different set of spherical gla
beads differing only in size, and other species such as sand,
and sugar. The more irregular the shape of the grains, the large
angle of repose.
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3360 PRE 58MAKSE, BALL, STANLEY, AND WARR
phase due to percolation so that the larger grains, being a
top of the rolling phase, tend to travel further since they
not interact with the bulk phase.

During the avalanche of grains, some small grains
captured in the static layer of large grains, smoothing
surface and thereby allowing more small grains to fall dow
ward and eventually reach the bottom of the pile. When
flow reaches the base of the pile, we see that the gr
develop a profile characterized by a well-defined ‘‘kink’’
which the grains are stopped. This kink moves in the dir
tion opposite to the flow of grains, conserving its profile un
it reaches the top of the pile.

In the process of falling down the slope, grains~small and
large! stop at the kink. We see that the smaller grains s
first ~since the small grains are already segregated in
rolling phase! so a pair of layers forms, with the smalle
grains underneath the large grains@see Fig. 2#. When the
kink profile reaches the top of the sandpile, the pair of lay
is completed. Then this process is repeated: a new avala
occurs, some larger grains reach the bottom of the pile,
kink is developed, and a new pair of layers is formed.

The size of a pair of layersl is determined by the thick
ness of the layer of rolling grains during an avalanche,R0,
which in turn is determined by the flux of adding grai
@27,28#. The volume of rolling grainsVaval that reaches the
kink during a time intervalDt and in a differentialdy is

Vaval5 lDtv~y!dy1 lDtv↑dy, ~4.1!

wherev(y) is the velocity of the rolling grains at a distanc
y from the pile surface of static grains,v↑.0 is the upward
velocity of the kink which is constant, andl is the gap be-
tween the plates of the cell~Fig. 2!. The first term in Eq.
~4.1! is the volume of grains falling down the slope, and t
second term represents the volume of grains from the rol
phase that the kink encounters when it advances uphi
velocity v↑—i.e., v(y)1v↑ is the velocity of the rolling
grains in the comoving frame of the kink.

The volume of grains in a well-formed kink is

V kink5 lDtv↑dy. ~4.2!

Then if all the grains are stopped at the kink, the numbe
rolling grains falling down,m fluidVaval, wheremfluid is the
density of the fluid phase~the number of rolling grains pe
unit volume! should be the same as the volume of grains
the kink mbulkVkink , wherembulk is the density of the bulk
phase. Hence

mfluidlDtE
0

R0

@v~y!1v↑#dy5mbulklDtE
0

l

v↑dy. ~4.3!

The mean value of the downward velocity of the grains
eraged over the rolling phase is

v̄[
1

R0E0

R0

v~y!dy, ~4.4!

so from Eq.~4.3! we find @27,28#
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mfluid

mbulk

~ v̄1v↑!
v↑

R0. ~4.5!

The analytical shape of the kink has been obtained
@28,30#. We introduce four different generalized angles
reposeuab , corresponding to the interactions between a ro
ing grain of typea and a static grain of typeb: ~i! u22
corresponds to the angle of repose of the pure large-c
species,~ii ! u11 is the repose angle of the pure small-round
species (u22.u11), and~iii ! u21 correspond to the interactio
between a large cubic rolling grain and small-rounded st
grains, and~iv! u12 correspond to the interaction between
small-rounded rolling grain and large cubic static grains.

For stratification we have@28,30,39#

u21,u11,u22,u12. ~4.6!

Since the kink is a traveling wave solution, we can wr
@28,30#

f ~x,t ![h~x,t !1u0x5 f ~u!, ~4.7!

whereu[x1v↑t, u0 is the angle of the pile after a pair o
layers is formed, andh(x,t) is the height of the static phas
@Fig. 2~c!#. The solution for the lower layer of small grain
was found in@28# to be

2
1

w
lnS 12

2w f

R0 D 5
g

v↑
~ f 2d1u!, ~4.8!

where

d1[u02u11.0, ~4.9!

w[v↑ /( v̄1v↑), andg ~units of 1/s! is the rate of collisions
between static and rolling grains. Since we have a pile m
of two different species, the angle of the layersu0 is not
necessarily eitheru22 nor u11. However, since the top laye
of the stripes is made of large-cubic grains, the result
angleu0 is closer tou22 than tou11.

The solution for the profile of the upper layer of the kin
is @28#

f ~u!5S R0

w D F12expS wgd2u

v↑
D G , ~4.10!

where

d2[u02u22,0. ~4.11!

We will compare this solution with the profile of the kin
measured experimentally. Figure 2~c! shows a sketch of the
kink. The angle of the layers isu0 , which is an angle be-
tweenu11 and u22, so that solutions~4.8! and ~4.10! exist.
The lower part of the kink is made of small-rounded gra
and therefore has an angle close tou11 in agreement with Eq.
~4.8!. At the center of the kink, the larger grains are captu
on top of smaller grains, therefore the angle decreases tow
the cross angle of reposeu21. Then the angle of the profile o
the kink approachesu0 .
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PRE 58 3361DYNAMICS OF GRANULAR STRATIFICATION
Dimensional analysis of Eq.~4.8! indicates that the up
ward velocity of the kink is proportional to the flux of arriv
ing grains, i.e., proportional toR0 @28#,

v↑5C1gR0. ~4.12!

HereC1 is a numerical constant that does not depend ong or
R0, but may depend on the angles of repose and other
tures of the grains.

Below, we will show that the velocity of the rolling grain
in an avalanche increases linearly with the height of
grains in the rolling phase, implying that the mean value
the velocityv̄ is proportional to the thickness of the rollin
phase. The coefficient is again proportional tog by dimen-
sional analysis,

v̄5C2gR0, ~4.13!

whereC2 is also a numerical constant that does not dep
on g or R0, but may depend on the angles of repose.

From Eqs.~4.5!, ~4.12!, and ~4.13! we obtain the depen
dence of the wavelength onR0

l5
mfluid

mbulk
CR0, ~4.14!

whereC[11C2 /C1 is a constant independent ofR0. Thus,
the wavelength increases linearly with the flux of grains. W
will test Eqs.~4.8!–~4.14! experimentally.

V. DYNAMICS OF STRATIFICATION

To test the above mechanism, we perform a series of
experiments where we study in detail the dynamics of str
fication by measuring all the quantities involved in the p
cess. We use a Kodak Ektapro 1000 high-speed video c
era system to record the motion of the grains. In order
study the profile of the kink and the effects of percolation
the rolling phase, we measure the profile of the static
rolling phases and compare with analytical predictions.
measure the velocity of the rolling grains, the velocity of t
kink, the wavelength of the layers, and also other pheno
enological constants such asg, and all four angles of repos
characterizing the mixtureuab .

According to the picture discussed in Sec. IV, we stu
the dynamical process of stratification by dividing the p
cess in three stages~Fig. 2!.

A. Avalanche of grains and percolation effect

In all six experiments, we use the same mixture and c
but different fluxes—i.e., differentR0 ~see Table I!. We fo-
cus our study on a small window of observation of typica
3 cm32 cm size located in the center of the pile. Using t
high speed video camera at a frame rate of 1000 frames
second, we are able to track the motion of each individ
grain in a downhill avalanche during 1.6 s of recording tim
The rolling grains take only 0.1 s to cross the window
observation. However, we continue recording after this ti
elapses, so that we can record in the same shot of 1.6
grains flowing down and the profile of the kink moving u
a-
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By tracking the motion of each individual grain, we are ab
to measure the velocity profile of the grains along the la
of moving grains.

The thickness of the layer of rolling grains in all our e
periments ranges from 0.3 cm to 0.7 cm. Thus the laye
rolling grains is thick enough that it is possible to observe
size segregation of the grains in the rolling phase. Fo
well-developed flow of grains down an inclined plane, t
grains segregate in the moving layer, with the small grain
the bottom of the moving layer, and the large grains at
top. This effect is called ‘‘free surface segregation,’’ ‘‘pe
colation,’’ or ‘‘kinematic sieving’’ @20,21,23–25#, and oc-
curs because the smaller grains percolate downward thro
the gaps left by the motion of larger grains in the rollin
phase. In our experiments, the flux of grains is sufficien
high that the layer of rolling grains is large enough that t
percolation effect can be observed in the rolling phase. F
ure 4 shows the trajectories of several grains for Experim
5 ~Table I! in a window of 2.82 cm by 2.26 cm, plotted ever
two frames (2 ms). We find that the large grains occu
the top part of the moving layer, and the small grains
located at the bottom of the moving layer.

To measure the velocity profile of the grains in the rollin
phase, the position of every rolling grain is spotted on
screen of the video camera. We follow the trajectory of t

FIG. 4. Trajectories (x,y) of the rolling grains during the ava
lanche for Experiment 5 in a window of observation of 2.82 cm
2.26 cm plotted every two frames~2 ms!. The thickness of the
rolling layer isR050.65 cm. The dashed line is the boundary b
tween the sublayer of smaller rolling grains and the sublayer
larger rolling grains due to the percolation effect. The angle of
pile is u0 .

TABLE I. Results of the six experiments.

Experiment R0 (cm) l (cm) v↑ (cm/s) v̄ (cm/s)

1 0.31 0.63 6.7 7.1
2 0.38 0.64 8.5 8.7
3 0.48 0.90 13.0 11.0
4 0.64 1.13 13.2 14.7
5 0.65 1.16 14.8 14.9
6 0.72 1.25 17.8 16.6
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3362 PRE 58MAKSE, BALL, STANLEY, AND WARR
grain during a period of time where the rolling grain is we
distinguished from the other grains in the moving phase.
stop the image every 2 ms~two frames! and record the (x,y)
position in pixels of the screen. The position thus measu
is manually entered in a data file, giving the (x,y) position of
the grain as a function of time. We study the motion of t
grains in the center of the pile, where the grains ha
achieved a constant velocity along the direction of the p
surface~the viscous friction force has balanced the gravi
tional driving force on the grain!. Figure 5 shows thex andy
coordinates of the grains of Fig. 4 as a function of time. T
velocity of the grains we calculate from the slope of su
curves. Indeed, we observe that the motion of the grain
the center of the pile is overdamped; the velocity is cons
as a function of time.

Due to the percolation effect, the layer of rolling grains
actually made of two equal size sublayers~since we use an
equal volume mixture of two species! of smaller and larger
grains. However, the velocity profile of the grains is contin
ous along the thickness of the moving layer. Figure 6 sho

FIG. 5. ~a! Position x(t) and ~b! position y(t) of the rolling
grains shown in Fig. 4 as a function of time. The straight lin
indicate that the velocities achieve a constant value, given by
viscous damping and the gravitational driving force. The symb
correspond to the grains plotted in Fig. 4.
e

d

e
e
-

e

in
nt

-
s

the velocity of the grains for the six experiments listed
Table I as a function ofy, the height of the rolling grain to
the top of the static phase. The velocity profile is linear iny.
Using the data from the experiments listed in Table I we fi

v~y!5~46/s62!y. ~5.1!

The coefficient of the linear relation~5.1! is independent of
R0, implying that the mean value of the velocity of th
grains~4.4! is proportional toR0:

v̄5~23/s62!R0. ~5.2!

By comparing with Eq.~4.13! and assuming that the coeffi
cient C2 is of the order of one, we obtain an estimate of t
rate g.23/s. Similar velocity profiles have been found
Ref. @40#, although these results~which were obtained for
single-species grains falling down inclined planes at differ
angles above the angle of repose! do not apply to our system
since we are interested in the velocity profile of the gra
avalanching on a surface composed of large grains at
angle of the layers, as occurs in the stratification experim

B. Formation of the kink

The formation of the kink is determined by the interacti
of the grains at the bottom of the pile. When the grains re
the substrate, we find that the larger grains arrive first a
then the smaller grains arrive@Fig. 7~a!#, because the large
grains roll down more easily than the smaller grains, sin
they are at the top of the rolling phase due to percolati
The large grains are stopped at the substrate, and they
velop the profile shown in Fig. 7~b!.

The condition for the formation of the kink seems to
the existence of two species, not one. In fact, when we p
single-species grains in a open cell, we do not observe
stationary kink, but we observe that the height of the pile a
the profile of the rolling phase acquire a steady state~without
oscillations! where the profiles are conserved in time. In t

s
e

s

FIG. 6. Velocity parallel to the pile surface of the rolling grain
corresponding to the experiments listed in Table I, as a function
their vertical positiony from the top of the static phase. We find
linear velocity profile.
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case of two species, the larger grains reaching the bot
before the smaller grains act as a ‘‘wall’’ or ‘‘incipient kink’
where the smaller grains are stopped@Fig. 7~b!#. Thus, when
the small grains arrive near the substrate, they find so
large grains already there. They are stopped in this way,
the kink emerges from this interaction. When the kink
developed it starts to move uphill with constant velocity a
conserving its profile.

de Gennes@7# has shown that when a flow of single
species grains flowing down a plane at the angle of rep
reaches avertical wall, the grains develop an uphill wave o
constant velocityv↑;gR0. Although this uphill wave is not
stationary as found for the kink in our experiment, the so
tion found by de Gennes shows that it is possible for
smaller grains to be stopped by a moving ‘‘wall’’ of larg
grains and thereby give rise to a kink. The existence of up
waves~although not stationary as the kink solution! was also
noticed in Refs.@32,33#.

C. Uphill motion of the kink and formation of a pair of layers

By using the video camera at a frame rate of 10
frames/s, we can distinguish the fraction of grains that is
the rolling phase and the fraction of grains that is stric
immobile, the fundamental ingredient of the theories of Re
@32–35,28–30#. Thus we identify the time behavior of th
boundary between the rolling phase and the static phase
the profile of the kink.

Since the contrast between the rolling and static grain
not very good, we must identify this boundary ‘‘manually
We play the movie 5 frames back and then 5 frames forw
and identify which grains are moving and which grains a
static. We repeat these measurements every 0.05 s,
record the coordinates of the bulk-fluid interface@41#.

Figure 8~a! shows the profile of the kink as a function o
x plotted every 0.05 s in a window of 2.82 cm by 2.26 c
~Experiment 5!, and one sees the profile of the kink movin
upward with constant velocityv↑ . Notice that the profile of
the kink is stationary. Figure 8~b! shows the angle of the
kink profile

u~x,t ![2arctan@]h~x,t !/]x#, ~5.3!

where h(x,t) is the profile of the kink obtained from Fig
8~a!, as a function ofx measured at different times. We fi
the analytical solution of the shape of the kink~4.8!, ~4.10!
obtained in@28# to the experimental profile of the kink an
find good agreement@Fig. 8~a!#. We find the best fit for val-

FIG. 7. Formation of the kink at the base of the pile.~a! The
large grains roll down ahead of the smaller grains since they ar
the top of the rolling layer and have larger velocity than the sm
grains. ~b! When the larger grains reach the substrate they
stopped, and they act as a wall where the smaller grains are sto
The kink emerges from this interaction.
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ues g5150/s, v̄515.6cm/s, v↑516.2cm/s, R050.7cm,
u0533°, u11525°, andu22543°.

The solution~4.8! and ~4.10! is valid only for the lower
and upper parts of the kink, so the center of the kink, wh
small and large grains are mixed, cannot be reproduced.
values we use to fit the analytical solution are somehow
ferent from the values we measure~see Sec. VI!. However,
we note that the exact shape of the kink depends on the
of interaction term used in the equation of motion to descr
the rolling grain–static grain interaction. In particular, th
interaction term used in@28# does not include nonlinea
terms that might be important when the flux of grains b
comes large~we comment on this point in Sec. VI!. How-
ever, the fair agreement between experiment and theory
dicates that some features of the interaction have b
captured by this approach.

We also focus on the different collision processes

at
ll
re
ed.

FIG. 8. ~a! Profile of the kinkh(x,t) obtained in Experiment 5,
shown at time intervals of 50 ms. The dotted line is the bound
between the static layers of smaller and larger grains. The k
moves uphill with constant velocityv↑ . The symbols correspond to
the fits to the analytical solution~4.8! and~4.10!. The experimental
data are first obtained manually and then smoothed with a poly
mial. ~b! Angular profile of the kink obtained from~a!, u(x,t)5
2arctan@]h(x,t)/]x#. The angle is betweenu0 and u21 as ex-
plained in Fig. 2~c!.
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tween rolling grains in contact with the solid surface and
static grains. We find that amplification process~i.e., when a
rolling grain removes a static grain via a collision! do not
happen very often. The percolation effect forbids the lar
grains to interact with the surface, thus prohibiting cro
amplification processes of the type of a larger rolling gr
amplifying a smaller static grain. The main interaction see
to be the capture of rolling grains at the surface—whe
rolling grain is converted to the static phase. However,
emphasize that it is difficult to clearly determine the natu
of the interaction at the surface~capture versus amplification!
because the smaller grains are the only interacting grain
the region of observation and they are difficult to track.

We measure the velocity of the kinkv↑ as a function of
R0 ~see Table I!. Figure 9~a! shows the results that can b
fitted to a straight line. We find

v↑5~23/s62!R0. ~5.4!

The velocity of the kink is approximately the same as
mean velocity of the rolling grains Eq.~5.2! ~i.e., C2.C1).
Comparing with Eq.~4.12!, we obtain a second estimate
the rateg.23/s.

FIG. 9. ~a! Velocity of the kinkv↑ as a function of the thicknes
of the rolling layerR0 for the six experiments~Table I!. ~b! Wave-
length of the layers as a function of the thickness of the rolling la
R0 for the experiments~Table I!.
e
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Figure 9~b! shows the wavelength of the layers as a fun
tion of the thickness of the rolling phase for the six expe
ments of Table I. The data can be fitted to a straight line,
we find

l5~1.760.1!R0, ~5.5!

which agrees with the prediction of Eq.~4.14!. Comparing
with Eq. ~4.14!, we obtain (mfluid /mbulk)C.1.7. Using Eqs.
~5.2! and ~5.4! we obtainC.2, so thatmfluid /mbulk.0.85,
corresponding to the fact that the fluid phase is less de
than the bulk.

VI. PHENOMENOLOGY

Table II shows the values of the phenomenological c
stants measured for the equal volume mixture of quasisph
cal glass beads of mean diameter 0.19 mm and cubic-sh
sugar grains of typical size 0.8 mm. The mean value of
velocity of the grains falling down the slope and the veloc
of the kink range from 7 to 17 cm/s. As noted above,g
'23/s andR0'0.5 cm.

According to Eq.~4.8!, the lower part of the kink has the
angle of the small-rounded grainsu11, and near the layer o
large grains there are logarithmic corrections. The angle
the kink decreases towards the center of the kink; it is eq
to u21 at the position where the larger grains start to
captured@Fig. 2~c!#. Thus, measuring the minimum of th
angle of the profile of the kink at the transition from the lay
of smaller grains to the layer of larger grains provides
method to measure the value of the crossover angle of re
u21. Then, assuming thatu112u215u122u22 @28#, the criti-
cal angleu12 can be obtained too.

We measured for the angle of repose of the pure spe

u11526°61, u22539°61. ~6.1!

Figure 8~b! shows the angle of the pile near the kink
different times. From these curves we measure the angl
the layers

u0.33°, ~6.2!

and the remaining angle of repose of larger grains on sma
grains:

u21.8°, and u12.57°. ~6.3!

The constantv̄/g represents the distance at which a ro
ing grain stops in a pile at an angle different from the an
of repose@34#—i.e., v̄/g represents the distance at which
rolling grain is stopped at the kink. The constantv̄/g.0.3
20.7 cm is small compared to the system si
L530 cm—i.e.,v̄/g scales with the size of the grains an

r

TABLE II. Typical values of phenomenological constants.

g (1/s) u21 u11 u22 u12 v↑ (cm/s) v̄ (cm/s) v̄/g (cm)

23 8° 26° 39° 57° 7–18 7–17 0.3–0.8
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not with L, as expected@34#. Notice also thatv̄/(g tan c)
.2 cm—where tanc[tan u112tan u21.0.3—is the size
of the region of mixing in the center of the pile observed
the case of segregation of the mixtures of smaller cu
grains and large rounded grains@Fig. 1~b!# @29#. This region
of the mixture is observed to be small in comparison with
systems size.

Finally, we comment on the application of the theoretic
calculation of the model developed in@28–30# to the prob-
lem of stratification when percolation effects are acting. T
dependence of the repose angle on the composition of
surface proposed in@28–30# is analogous to the effect o
percolation. Due to percolation, only the smaller grains
teract with the surface, causing the larger ones to be c
vected further. The models of@28,30# use the fact that the
repose angle of the smaller grains is always larger than
repose angle of the larger grains for a given composition
the surface~i.e., u11.u21, and u12.u22), then the smaller
grains are always the first to be trapped, and the large o
are always convected down as it occurs due to the perc
tion effect. Moreover, capture of larger grains is forbidd
on top of smaller grains since the capture function of
large grains is zero around the angle of repose of the s
grains@29#.

A simple extension to explicitly include percolation e
fects in the formalism of@28,30# shows only small correc
tions to the profiles of the rolling and static grains, whi
provides evidence for the possible applicability of the resu
of @28,30# to the case where percolation effects take place
the rolling phase. However, caution must be taken in
definition of the fluid-bulk interaction in the theoretical fo
malism. We take the interaction term to be proportional
the thickness of the rolling phase, an approximation valid
thin flows @7,34#. Although this approximation might be sti
valid in the case of thick flows@30#—since the interaction
might be proportional to the preassure exerted by the fl
phase@13#, which in turn is proportional toR0 for a fluid—
nonlinear terms might be also necessary to completely
scribe the flow, especially because the interaction among
rolling grains~which is neglected in the theoretical forma
ism! becomes important.

The dependence of the velocity of the rolling grains
the position of the grain in the rolling phase is another f
not included in the theory, which considers a uniform velo
ity for all the grains in the rolling phase. For a comparis
with the theory, we have replaced the velocity of the gra
in the theory by the mean value of the velocity of the rolli
grains measured experimentally.

VII. OTHER LIMITS

We notice that the dependence on the plate separatiol ,
although present in Eqs.~4.1! and ~4.2!, has disappeared in
Eq. ~4.14!, and the relevant length scale that determines
wavelength isR0. However, a change in the flux of addin
grains, or a change in the gapl , changes the wavelengt
sinceR0;(flux) / l . Thus, e.g., by keeping the flux consta
and increasing the gapl , we find a decrease inR0, and we
find that the wavelengthl decreases according to Eq.~4.14!:

l;1/l . ~7.1!
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This dependence has been measured in@42,43#.
For the moderate fluxes used in this study~of the order of

1 g/sec!, the role of the flow rate is to determine the wav
length according to Eq.~4.14!. For larger fluxes, Eq.~4.5! is
still valid as long as the kink mechanism works. Howev
deviations from the linear dependence of Eq.~4.14! might
occur since the velocity of the kink and the velocity profi
of the rolling grains might deviate from the linear regim
The densities of the bulk and fluid phase might also cha
with the flux of grains, giving rise to a nonlinear relatio
betweenl andR0. For sufficiently large flow rates, the kin
mechanism required to form layers cannot occur~especially
the appearance of the first kink at the onset of the instab
@29#!, since the grains acquire large momentum, and a
lanches that terminate by an upward moving kink before
next avalanche begins cannot occur. In this case, the kin
not able to stop the arriving rolling grains anymore; t
grains ride over the kink so that no segregation at the kin
possible. Therefore, for this limit, the stratification patte
disappears when the flux is sufficiently large. Such an eff
was recently observed in@44# where the flux was increase
by a factor of 100.

Another deviation from Eq.~4.14! might occur at very
low flow rate. Here the percolation effect disappears and
grains segregate due to size, because the larger grains d
find large enough holes in the surface so they roll easier t
smaller grains. In this case, the rolling phase is thin, so th
behaves as a homogeneous phase with a constant velocv
for all the grains in the fluid phase. In this case, from E
~4.5! we obtain

l5
mfluid

mbulk
S v
C1g

1R0D . ~7.2!

Thus whenR0→0

l→v/~C1g!;d, ~7.3!

whered is a small constant of the order of the grain siz
This lower limit might indicate the crossover from a perc
lation regime to a nonpercolation regime at low flow rate

VIII. DISCUSSION

In summary, we tested experimentally the main assum
tions of the theory of surface flows of granular materials. W
measured the profile of the static and rolling phases, in or
to study the profile of the kink and the effects of percolati
in the rolling phase and compared with analytical pred
tions. We characterized the dynamical process of stratifi
tion by measuring all the relevant quantities. We measu
the velocity of the rolling grains, the velocity of the kink, th
wavelength of the layers, and also the rate of collisionsg,
and all four angles of reposeuab characterizing the mixture
The velocity of the kink and the wavelength of the laye
both vary linearly with the grain flux. The velocity profile o
the grains in the rolling phase is a linear function of t
position of the grains along the moving layer, which impli
a linear relation between the mean velocity and the thickn
of the rolling phase. We find the mean velocity of the rollin
grains is the same as the velocity of the kink.

Our results apply to the moderate flow rates used in
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3366 PRE 58MAKSE, BALL, STANLEY, AND WARR
work of the order of 1 g/sec. For sufficiently larger or smal
flow rates, deviations might appear as discussed in the
For larger fluxes, nonlinear terms may modify Eq.~4.14!.
For even larger fluxes the kink may not support the incom
grains turning stratification into the mixing of grains or
weak segregation. For smaller fluxes than the ones use
this study, the percolation effect does not take place. H
ever, when the size ratio is large enough—r.1.5—strong
segregation occurs anyway at the shear surface betwee
fluid and solid phase: the large grains are not trapped in
holes of the surface, and they are convected further. T
stratification is also observed for small fluxes, but the s
segregation mechanism is different from the one stud
here. The sharp segregation profiles with a separation zon
a few cm observed in the experiment shown in Fig. 1~b! is
also a consequence of strong segregation effects. Wher
,1.5, size segregation has a weak effect, resulting in a w
continuous segregation of the mixture no matter the sha
e
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of the grains. Theoretically the caser,1.5 is treated in@45#,
and the caser.1.5 in @28–30#.

Our results might be also applicable to other systems. S
and shape segregation in rotating drums may be analize
analogy to the regimes found here. Further experimental
sults may include qualitative studies of the other flow
gimes mentioned above. It would be also appropriate to h
an estimation of the angles of repose of the grains indep
dently of the theoretical calculations used here. For instan
by gluing grains of one species to an inclined plane a
pouring grains of the other species is a way to obtain a di
estimation of the cross angles of repose.
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