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Spontaneous stratification of granular mixtures has been reported by BlatsENature(London) 386, 379
(1997] when a mixture of grains differing in size and shape is poured in a quasi-two-dimensional heap. We
study this phenomenon using two different approaches. First, we introduce a cellular automaton model that
illustrates clearly the physical mechanism; the model displays stratification whenever the large grains are
rougher than the small grains, in agreement with the experiments. Moreover, the dynamics are close to those
of the experiments, where the layers are built through a “kink” at which the rolling grains are stopped.
Second, we develop a continuum approach, based on a recently introduced set of coupled equations for surface
flows of granular mixtures that allows us to make quantitative predictions for relevant quantities. This approach
includesamplification(i.e., static grains entering the flow of rolling graina phenomenon neglected in the
cellular automaton model. We study the continuum model in two limit regimes: the large flux or thick flow
regime, where the percolation effe@te., segregation of the rolling grains in the flpig important, and the
small flux or thin flow regime, where all the rolling grains are in contact with the surface of the saridpile.
In the thick-flow regime, where most experiments are carried out, the flowing grains are segregated in the
rolling phase; as they are flowing down, the large rolling grains are convected to the top of the rolling layer,
and only the small rolling grains interact with the sandpile. We include this effect in the continuum model and
find results very close to the experimen®) In the thin-flow regime, we find interesting results that are close
to the thick-flow limit. However, due to the presence of cross-amplification processes, we find a small regime
that shows stratification when the small grains are slightly rougher than the large grains, but stratification is
much more pronounced if the large grains are rougher. We study in detail the dynamical process for stratifi-
cation, where the layers are built through a “kink” mechanism, and find the dependence of the size of the
layers on the parameters of the system. We find that the wavelength of the layers behaves linearly with the flux
of grains. We also find a crossover behavior of the wavelength at the transition from the thin-flow to the
thick-flow regime. We obtain analytical predictions for the shape of the kink giving rise to stratification as well
as the profile of the rolling and static species when segregation of the species is observed.
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I. INTRODUCTION [Fig. 1(@]. When a mixture of small and large grains is
poured into the cell, a pile builds up and the small grains are

Segregation is a prominent example of the peculiar propobserved to segregate near the top of the pile and the large
erties of granular mattdl—9]. For example, shaking a con- Ones near the bottom of the p[20—2§. This segregation is
tainer filled with two types of grains of different sizes leadsdue t0 the different grain sizes, because large grains roll
not to mixing—as in liquids—but to segregation, with the down more easily on top of small grains than small grains on
large grains at the top of the container and the small grains é?pl tor:allzrg:e%r?gc]:zntly observEzl7—31] that if the shapes of
thg.bottom. This striking behavpr and.the Importance Ofthe species are sufficiently different, another type of segre-
mixing problems from a technological point of view have led

. : L ; gation can take place: when such a mixture of small rounded
trﬁuii?;oad interest in granular materials in the physics COmgrains and large rough grains is poured between two vertical

) ) i slabs, a spontaneous stratification of the mixture in alternat-
Several types of segregation have been investigategq javers of small and large grains parallel to the pile sur-

namely, segregation by vibrating a contaiftéie “Brazil nut  face js observed. Additionally, there is an overall tendency
effect”) [10-14, and segregation in rotating cylinders, for the large and small grains to segregate into different re-
where the segregation occurs through surface fib819.  gions of the cell. Spontaneous stratification is also found for
Segregation can also be obtained in the absence of amiore than two specief27]. The layers are then ordered
periodic oscillation by simply pouring a mixture of grains of forming a sequence parallel to the surface gitem bottom
different sizes onto a pile. One experimental setup, whicho top, small-medium-large, small-medium-large for three
has attracted much recent attention, consists of a quasi-twepecies
dimensional cell or vertical Hele-Shaw cell where a mixture This phenomenon could possibly be relevant in different
of grains is constantly poured next to one end of the celfields, such as geomorpholo¢$2,33. For example, stones
coming from sand dune solidificatiofsandstong present
successive alternation of layers of different types of grains.
*Present address: Schlumberger-Doll Research, Old Quarry Road IS regularity cannot be explained by periodic sedimenta-
Ridgefield, CT 06877. tion. But one could imagine that the sand dune was built with
sand brought by the wind and flowing down the slipface of
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bR x| be stable, without the occurrence of stratificatjGd].

R, (x.t)| Folling phase In this paper, we study granular flow in the spirit[@6—

(a) 38], where one assumes a sharp distinction between the roll-
ing or fluid phase composed of the layer of grains flowing
down and the static phase or bulk composed of grains form-
ing the sandpile. The essential feature to understand sandpile
formation is then to describe how the rolling grains are flow-
ing down and how they interact with the static grains. In this

> context, it is important to distinguish between two different

%0 §(xp)

X regimes, the thin-flow regime and the thick-flow regime,
incoming flux where the interaction between rolling grains and static grains
of grains are very different. Moreover, experiments have been done in

(b) both regimes, so that both regimes are important to study.

3900%9 percolation effect Here we propose a mechanism to understand spontaneous

in the rolling phase stratification and segregation in two-dimensional silos. We

adopt two different approaches. First we introduce a cellular
automaton model to give insight into the proposed mecha-
nism. This model displays stratification as soon as the large
grains are rougher than the small ones, in agreement with
experimentg27]. The dynamics are also very close to the
experiments[27], where the layers are built through a
FIG. 1. (a) Typical experimental setup to study spontaneous'kink” going uphill where the rolling grains are stopped.
stratification and segregation in quasi-two-dimensional cells, along Second, we study a continuum model that is built on a
with the different quantities defined in the tegh) Schematic rep-  phenomenological formalism describing granular flow on
resentation of the percolation effect in the rolling phase. We pousandpiles. This formalism was introduced by Bouchaudl.
continuously a mixture of large and small grains in a two-[35] for the case of a single species, and recently generalized
dimensional cell and observe a steady thick flow of grains. Theby Boutreux and de Gennd8dG) [37] to the case of a
percolation effect consists of the size segregation of grains in thenixture of two species. The essential feature to understand
rolling phase: large grains are observed to rise to the top of thgandpile formation is to describe the interaction between the
rolling phase, and small grains drift to the bottom of the rol!ing rolling or fluid phase and the bulk, as well as any segregation
phase. Due to the pe_rcolatlon effect, th.e S’.“a“ grains are t_he first 1 nich may occur in the rolling phase itself. In contrast to the
be captured at the pile surface, resulting in the segregation of thgg)y; 5 automaton model, this formalism includeaplifica-
mixture in the bulk. tion processes, i.e., the conversion of static grains at the sur-
face of the sandpile into rolling grains by the fldthis fea-
the dune[1], where stratification could appear as in the ex-ture is essential to understand avalanching when one tilts a
periments of[27]. This phenomenon may also have impor- sandpile above the maximum angle of repose, or to under-
tant consequences in industry where processing and transpatand avalanche dynamics in rotating drams
of initially mixed grains could lead to stratification. In the large flux regime, the rolling grains form a thick
Spontaneous stratification has been observd@7hafter  phase and the grains are kinematically segregated in the roll-
a transient regime and only when the large grains aréng phase, an effect called kinematic sieving, free surface
rougherthan the small grains. When the large grains are thaegregation, or percolatigirig. 1(b)] [23,25,28. Due to this
smoothest stratification does not occur but only the segregghenomenon the large grains in the rolling phase are found
tion of the mixture in different regions of the cell occurs, to rise to the top of the rolling phase while the small grains
with the large and rounded being at the bottom of the cellsink downward through the gaps left by the motion of larger
and the small and rough at the top. These phenomena can beains in the rolling phase. Thus, small rolling grains form a
qualitatively understood as the growth of an instability due tosublayer underneath the sublayer of large rolling grains.
the competition of two opposite effectg) On the one hand, Then only the lower grains of this layer interact with the
if the grains have the same shappherical, for examp)eor, sandpile. Thus, a segregation effect that we refer to as per-
more precisely, the same repose angle, then the large graioelation takes place inside the rolling phase where the large
will roll more easily on the top of the small ones than thegrains are convected along the flow to the top of the layer.
reverse. This will lead to segregation, with the small grainsThus, if small rolling grains are present, they will preferen-
at the top of the pile and the large at the bottd@ir). On the tially be on the bottom of the layer, preventing the large
other hand, if the grains have the same size but differengrains from interacting with the sandpile.
shape, the rougher grains will have a larger friction coeffi- We will develop a continuum formalism that includes the
cient than the other grains, and we expect segregation witpercolation effect, and show that stratification arises in a way
the rougher grains at the top of the sandpile. In the case dfimilar to that of the experiments. When the large grains are
large grains rougher than small grains, those two effects wiltougher, stratification is made of layers spreading all along
compete, giving rise to an instability, and then to spontanethe sandpile; the layers of the two types of grains being of
ous stratification. However, in the case where the smallethe same size for an equal volume mixture of grains. When
grains are rougher than the large grains, the two effects wilthe small grains are rougher than the large grains, we observe
contribute in the same way, and the segregation pattern withe complete segregation of the mixture but not stratification,
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with the small and roughest grains being found at the top oflefinition—i.e., the angle of repose is the angle of the pile
the pile in agreement with the experiments. A thick rolling surface after the grains are poured onto a heap. Here, we will
phase is a condition for the percolation effect to take placedefine a microscopic angle of repose as the maximum angle
However, a large difference in size is also necessary to okat which a rolling grain is trapped at the surface of the pile.
serve the percolation effect: we expégt'd,;=1.5, whered;,  This definition must be understood in terms of a coarse
and d, are the typical size of the small and large grains,grained distance along the surface of the pile—of the order
respectively. of a few grain sizes—over which all the quantities involved

In the small-flow regime each rolling grain is always in in the model are averaged.
contact with the sandpile and so interacts with it. In this case In the case of a single-species sandpile, as sand is added
a thin rolling phase is expected—of the orded,—and to the sandpile we consider a critical angle of rep@se
percolation effects are expected to be irrelevant. HowevelWhen the local angle of the pile is smaller th@rthe rolling
strong segregation effects are expected, as in the case gfain is stable and there is no flow. When the local angle of
percolation, since we will consider the case of large sizehe pile is larger tham, the rolling grain is unstable and flow
difference between the grains. The large grains are not beingccurs.
captured on top of static small graifelthough they interact We develop a simple discrete model, based on the idea
with them) because of the large difference in size, while thethat grains flow when the local angle of the sandpile is larger
small grains are easily captured on top of the large statithan the angle of repose. We consider that the angle of re-
grains. Using the theoretical formalism adapted to this casggose depends on the type of rolling grains and also on the
we will show that stratification is observed when the largecomposition of the surface. Thus, in the case of granular
grains are rougher than the small grains, in agreement witmixtures of two different species, we consider the existence
the experiments. of four differentgeneralized angles of repase

Cross-amplification processes—the influence of which The sandpile is built on a lattice, where the grains have
was greatly reduced in the case of thick flows due to percothe same horizontal and vertical size as the lattice spacing.
lation effects—now plays an important role since all grainsThe two species will be distinguished according to different
are interacting with the pile and cross interactions of the typeyeneralized angles of repose. In general, we will call species
small/large grains are expected to occur at the fluid-bulk intype 1 to the small grains, and species type 2 to the large
terface. Due to cross amplification, the transition from strati-grains. The species can also have rough or smooth surface
fication to segregation does not occur sharply when the smafiroperties, which, together with the different size, will define
grains become the roughest. We find a regime where ththe different angles of repose of the species. FolloviBt-
small grains are slightly rougher than the large grains, whicl87], we regard each grain as belonging to one of two phases:
also gives rise to stratification. When the small grains ardi) static phase, if the grain is part of the sandpile;rolling
more rounded than the large grains, then we find the segrghase, if the grain is not part of the sandpile and rolls down-
gation of the grains in agreement with experiments. ward with a constant drift velocity.

In general, we find that the thick-flow regime and the We consider the local slope
thin-flow regime show similar results regarding the stratifi-
cation and segregation of the species. This is valid provided si=hj—hii, (1)
that the grains differ appreciably in size term of the size

ratio we expectl;/d; =1.5[28,29). Then we study analyti- ¢ the static grains as the variable controlling the dynamics
cally a mechanism for stratification and segregation valid foryf the rolling grains. Here; denotes the height of the sand-
both regimes. We study the “kink” mechanism, and we ob-jje 4t coordinate, and we assume the pouring pointiat
tain predictions for the wavelength of the layers as a functiorL ¢

of the different parameters of the system. In particular, we At each time step a set ™, small grains and\, large

find that the wavelength of the layers is proportional to thegrains is deposited at the top of column 1 of the pilee Fig.

qu>§ of adding graingi.e., proportional to the thicknegs of the 2(a)]. These grains are considered to belong to the rolling
rolling phasg, and we also find a crossover behavior at thephaqe |n the case of thin flow we assume that the rolling
thin-thick flow_transmon. Finally we discuss our result_s IN phase is homogeneous and both types of species are mixed in
regard to previous approaches to segregdfi and strati- e fjyid phase and interact with the surface. Then one rolling
fication[34] and to the experimen{27-31. A short report 4 4in of each species interacts with the surface at each time
of some of the results presented here has been published p, and can be converted from the rolling phase to the static
[38]. phase. In the thick-flow regime, the percolation effect is ex-
pected to take place, and the small grains screen the interac-
Il. CELLULAR AUTOMATON MODEL tion of the large rolling grains with the pile surface. Thus in
the thick-flow regime, we consider that the large grains in-
teract with the pile surface only when the number of small
We first introduce a simplified discrete model to under-rolling grains at a given position falls below a given thresh-
stand the mechanism leading to stratification. Discrete modsld e<N,.
els have been used before for modeling the complex behav- The remaining rolling grains which do not interact with
ior of granular materials. The role played by the angle ofthe pile surface are convected “downward” with unit “drift
repose has been used to understand the complex dynamicswalocity”—i.e., they move to the next column at each time
granular flows of mixtureq8,35,39,40. The concept of step.
angle of repose normally involves a macroscopic The dynamics of each rolling grain interacting with the

A. Motivation and Definitions
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i;‘;ﬂ}:g Therefore, to mimic the experimental conditions for stratifi-
N (a) cation[27], we propose
2
M imraton I\ 021<011<02,< 01. (6)

ito 6
" We notice that condition§2)—(4) are a consequence of the
different size of the species, while the conditién# 0,, is

achieved for mixtures of grains with different shapes, and

o (b) does not depend on the size of the grains. Thus the model
°® incorporates the size segregation and shape segregation in
.. the definition of the angles of repose. In general the grains

ﬁ with the larger angle of repose will tend to be captured first.

Thus the small grains will tend to be captured at the top of

912 > 921 the pile, and the smoothest grains at the bottom of the pile.
The percolation effects tend to segregate the small grains at

o '. the top of the pile, thus, it acts in the same way as the size

bﬁ [ segregation due to different angles of repose, E&js:(4).
S At each time step, the rolling grain interacting with the
0 0 sandpile surface at coordinateeither will stop (by being
11 < 22 converted into a static grajiiif the local slope of the surface

FIG. 2. (a) Description of the discrete moddh) The four dy- hi_hi+l$saﬁ5tan0aﬁa (7)
namical angles of reposg,; depend on the composition of grains
at the surface of the pile, and are chosen according of the fouwheres, is the local slope, or will continue to roftogether
possible interactions between the two species of grains. As diswith the remaining rolling grainsto columni+1 if
cussed in the text, the angles of repose satigfy<6,,<80,,

< 6,5, when species 1 are small and rounded and species 2 are hi—hjy1>S.4- (8
large and rough; ané,;< 8,,< 6,,< 645, when species 1 are small ) ) ) ) )
and rough and species 2 are large and rounded. We iterate this algorithm to form a large sandpile of typically

10° grains. We assume that the substrate is made of a layer
sandpile surface is governed by its local generalized angle dff large grains.
repose. We consider that the repose angle depends on the The discrete model in the thick-flow and thin-flow re-
local composition on the surface, so we defif\g; as the gimes gives rise to similar results. Then in the following we
generalized repose angle of a rolling grain of typeon a  Will present results of the discrete model in the thick-flow

surface with local grains of typ8. We propose that regime where most of the experiments are done, and where
the grains are segregated in the rolling phase. Indeed, we will
051< 01, (2) see when discussing the continuum model that the differ-

ences between the thin-flow regime and the thick-flow re-
to take into account the fact that large rolling grains roll gime arise when cross-amplification processes are taken into
more easily on top of small static grains than small grainsaccount and for small difference between the pure angles of
roll on top of large static grainksince the surface “looks” repose.
smoother for large grains rolling on top of small grains, see
Fig. 2(b)]. The repose angles of pure spedieg lie between B. Kink mechanism

0,1 and 045. . . .
Since a large grain rolls easier than a small rolling grain h F(ljgure 3a) sfzjovlvs rt]he rre]sulltmg mor_phology prer(lzhctehd byh
on top of a layer of small static grains, we have the discrete model when the large grains are rougher than the

small grains. This fact is quantified by taking into account
0,1< 6y;. 3) that the angle of repose of the pure large species is larger
than the angle of repose of the pure small speciss,

Conversely, a large grain rolls easier than a small grain o~ f11- The stratification is qualitatively the same as that

top of a layer of large static grains, so that found experimentally27], both in regard to thetaticsof the
sandpileg/seen in Fig. 8)], and also in regard to thgynam-
055< 015. (4) ics (seen in Fig. 4

The mechanism for spontaneous stratification involves the
The stratification experiment§27] use a mixture of formation of a kink at which the grains are stopped during an
smaller less faceted grains and larger more faceted graingvalanche. After a pair of static layers is formed with a layer
Thus, the last inequality between the angles of repose is pre@f large grains on top of a layer of small grains, the angle of
vided by the fact that the grains differ in shape of friction the sandpile is close t6,, [Fig. 4@)]. Since the surface of
properties. Since the small species are the most roundethe sandpile is made of large grains afg<6;,, a thin
then the repose angle of the smaller pure species is smallé&yer of small grains is trapped on top of the layer of large
than the repose angle of the large pure species—i.e., grains as more grains are poured onto the cell. These small
grains smooth the surface without changing significantly the
011<05,. (5) sandpile angle, and allow rolling small grains to go further
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difference in the repose angle of the pure species, which
(@ quantifies the difference in shape of the grains.

As seen in Fig. &), before the layers appear there is an
initial regime where only segregation is found. At the onset
of the instability leading to stratification, a few large grains
are captured on top of the region of small grains near the
center of the pile where the angle of the pileis 6,,. The
repose angle for large rolling grains is na,. Thus, if 6
=#,,<6,,, more large grains can be trappé¢since the
angle of the surface is smaller than the repose anigiading
to the first sublayer of large grains and then to stratification.
On the other hand, i#= 6,,> 6,,, N0 more large grains can
get captured, the fluctuation disappears, and the segregation
profile remains stable. Thus this picture suggests that, in
agreement wit27], the segregation profile observed in the
initial regime is “stable” so long a®,,< 641, and unstable
(evolving to stratification for large enough systemeghen
011<65,. This explains qualitatively why the control param-
eter for the stratification-segregation transition is the angle of
repose of the pure species.

A\

FIG. 3. (a) Spontaneous stratification: results obtained with the
discrete model foN;=10, N,=10, e=1, $1:=4, S$1,=7, $,1=2,
s,,="5. Note the kink profile at which grains are stopped during an
avalanche. The large rough grains are black and the small rounded !ll. CONTINUUM THEORY FOR GRANULAR FLOW
grains are gray(b) Segregation: results obtained with the discrete
model when the angle of repose of the large rounded grains is A theoretical approach to segregation in granular flow is
smaller than the angle of repose of the small rough graindfor not a simple task. On one hand, extensive numerical simula-
=10, andN,=10, =1, $1;=5, S;,=7, $31= 2, Spp= 4. tions (such as molecular dynamig3,5,41—44, or lattice gas

models[45—48) have been able to reproduce several segre-
down (since 01;< 6,;) [Fig. 4(b)]. The large grains are roll- gation phenomena observed experimentally. On the other
ing down on this thin layer of small grains without being hand, an analytical approach of segregation, considering
captured ¢21< 6,), and are the first to reach the bottom of granular medium as continuum, would be instructive, since it
the sandpile, giving rise to segregatidfig. 4b)]. When the  would allow to reduce the problem to a small set of param-
flow reaches the base of the pile, the grains develop a profilgters that control the system, and then to get a clear phenom-
which displays a kink where the grains are stopped: the smalnological understanding of the problem. However, an im-
grains are stopped first at the kink sinlgg< 6,,, and a pair  portant question is whether the grains can be treated as a
of layers begins to form, with the small grains underneath theontinuum medium. A continuum approach means that we
large graindFig. 4(c)]. The kink moves upwardn the op-  will be able to replace the grains belonging to a same region
posite direction to the flow of graipsintil it reaches the top of space by some average quantities, for example, the den-
of the pile and a complete pair of layers has been formedity, or the averaged speed. But specific grains can play a
[Fig. 4(d)]. peculiar role, i.e., in the case of arching effects, where an

If, on the other hand, we considef,,<6,; in the  arrangement of several grains in a special \ayarch sup-
model—corresponding to a mixture of smaller “more fac- ports the above grains, prevents the flow by gravity, and
eted” grains, and larger “less faceted” grains—we find the creates large discontinuities for the local density or the force
complete segregation of the mixture but no stratification/49,5(.

[Fig. 3(b)]. In this case, the small and faceted grains are to be |n this section, we study spontaneous stratification using a
found near the top of the pile, while the large and roundectontinuum formalism. We will show that the results obtained
grains are found near the bottom of the pile. Thus, the conare very close to the experiment, and then we extract the
trol parameter for spontaneous stratification appears to be theportant parameters of the problem. Our results shows that
a continuum formalism is able to reproduce a complex phe-
nomenon in granular matter such as spontaneous stratifica-
tion.

The continuum theory of granular flow for a single-
species sandpile was proposed by MdktH and Bouchaud
et al.[35]. Bouchauckt al. recognized the necessity of treat-
ing differently the rolling graingrolling on the surface of the
pile), and the static grains that form the sandpile. The rolling
grains are in a “liquid” state, flowing down by gravity and
interacting with the static grains in the “solid” state. The
dynamics of the sandpile is then given by how the rolling

FIG. 4. Dynamics obtained with the discrete model, showing thegrains move on the surface and how they interact with the
formation of a pair of layers at the kink. Notice the kink moving sandpile. The equations for those two quantities for the case
uphill at constant velocity ; . of single-species sandpiles are
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d effective because the distance on which a rolling grain is
G RX(M]=T(R,h), (98  stopped whem(x,t) is smaller thart, is v/y. This distance
must scale with the size of the graih Thus[36]
dh(x,t)
at

=-TI'(R,h). (9b) vly~d. (13

HereR[x(t)] is the height of the layer of rolling grains inthe _ The linear dependence of'(R,h) on the quantity
Lagrange representaticifollowing the rolling graing, and [6(x,t)—6,] can be understopd as a first-order development
h(x,t) the height of the sandpiléFig. 1@]. The rolling of a more complicated function of(x,t). As soon as the

grains interact with the sandpile througiR,h). Equations angle of the sandpile is far from the repose angle, nonlinear
(9) conserve the number of grains. terms must be adde@voiding the nonphysical divergences

We need to define how the rolling grains move on thethat could be found with the linear developmeriinally the

surface, and how they interact with the sandpile. Two forceProportionality of I'(R,h) to R(x,t) is meaningful in the
are acting on the rolling grainti) gravity and (i) friction ~ Case where all the grains interact at each time with the sur-

coming from the collisions of the rolling grain with the face (thin-flow limit). This imposes the height of the rolling
grains of the sandpile. The number of collisions at the scalédYer to be of the order of the grain siR{x,t)=d. How-
of interest for continuum equatioriseveral times the size of €ver, we will argue that this approximation might be still
a grain is large enough so that at this scale, the speed igglld in the case _of thick flows as well, since the interaction
always at its limit value where the two forces balance ex-Might be proportional to the pressure exerted by the fluid
actly, and the motion of a grain is overdamped. Equationghase, which in turn is proportional R(x,t) for a fluid [16].

(9a) and (9b) can be rewritten in Euler representation For very large fluxegthicker rolling phasgwe expect this
linear approximation to break down, and we discuss this

IR(X,t) IR(X,t) point at the end of Sec. V C.
G - VT TR, (103 To treat the problem of segregation in granular flow com-
posed of binary mixtures, Boutreux and de Gen(igdG)
ah(x,1) [37] have extended this formalism to the case of flows made
=—-T'(R,h). (10b) of two types of grains, identifying three variables: the two
heights of rolling graingR,(x,t) (i.e., the total thickness of
the rolling phase multiplied by the local volume fraction of
the « grains in the rolling phase at positiof), and the
height of the sandpil@(x,t). BAdG generalized Eq$10) to

at

HereR(x,t) is now a function of the time and the positign
and we assume the pouring pointxat 0. The rolling grains
are moving down at a speedx,t) in the positivex direc-

tion, wherev(x,t) could depend on the local slope of the

dR JR

sandpile. However, in the spirit of capturing only the essen- L, 4T a=12 (143
tial physical mechanisms to recover the observed phenom- at * ox “ o
ena, we will consider the speedto be constant all over the
sandpile. dh
Bouchaudet al. [35] proposed a form fof (R,h) in the - T la, (14b)

general case, that has been simplified by de Ge[8&dsfor
the simpler case of a continuous flow of rolling grains. In
this case, there is no discrete avalanching and only the repo
angle must be included in the formalig2]. The interac-
tion termI"(R,h) is

where the interaction terii , takes into account the conver-
3fon of the rolling grains into static grains, and is defined
through the collision matriM

2
[(R,h)=[6(x,t)— 6,]R, (11) rasﬁgl M asR;. (15)

where
The collision matrix, governing capture and amplification,

depends on the local angle of the pfléx,t) and on the local
(12 composition of the surface of the sandpfle(x,h), which is
X a function ofx andh. However, writing an equation of evo-
lution for ¢,(X,h) is not easy. When both rolling species are
8aptured, the height of the sandpile increases,@y(c,h) is
given by

B(x.t)= —dh(x,t)

is the local angle of the surfagee will make no distinction
between the angle of the surface and the tangent of th
angle.

Equation(11) states that the rate of the interaction is pro-
portional to the number of grains interacting with the sand- b.(x,h)=— —=
pile. Rolling grains will become part of the sandpile if the o dhlat’
angle of the surfac@(x,t) is smaller than the repose angle
6, (“capture”), while static grains will become rolling and
grains if (x,t) is larger tharg, (“amplification”). The con-
stanty is the inverse of the time on which this interaction is 1+ =1 (17)

(16)
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As soon as amplification dominates for one or both species,
Eq. (16) is no longer valid. Whed" ,>0 for both species,
the height of the sandpile decreases, gngx,h) does not
have to be updated. Finally, when grains of typere cap-

0.(0) (@)

o stratification
12

tured and grains of typg are amplified, the composition bul—"_ 0, 8>0
will be ¢, (x,h)=1. o | - )
The general form of the collision matrix is defined by 21 .
taking into account a set of binary collisions between a roll- 0 10,
ing and a static graip37],
6o, (¢ (b)

o a;(0)¢p1—b1(6) X2(6) by 19 A
B X1(0) 2 ay(0)p,—by(0)) g L
] s N

This definition involves a set of a priori unknown collision

functions contributing to the rate processag; ) is the con- 0 9 :  segregation
tribution due to an amplification proceg&shen a static grain 2 Z L
of type « is converted into a rolling grain due to a collision 0 16,

by a rolling grain of typex),b,(6) is the contribution due to
capture of a rolling grain of type (when a rolling grain of
type « is converted into a static graginand x,(6) is the

qom,”bu“on due FO a Cr,oss'amp“f'catlon procdﬂsg ampli- (b) while for segregation we requir@;;> 6,,. For the numerical
fication of a static grain of typ@ due to a collision by a  jntegration, we use the linear interpolation betweler=0 andd,

rolling grain of typea). =1 as plotted here.
BdG [37] proposed an analytically tractable form for the

collision matrix that includes capture and amplification, in  The generalized repose angle of each type of rolling

the case where the two species have the same size but diffgfain is now a continuous function of the composition of the
in respect to their repose angle. BdG found the steady stat§,ifaces = ¢ (#g) (see Fig. 5,

solution in the geometry of the silo, in the case where the
repose angle does not depend on the composition of the suB,( ¢,)=Me,+ 011, 02(ho) =M+ O,3= —Me 1+ 6,5,

face. The BAG model explains the segregation of the two (29

type of grains in different regions of the sandpile, but not the

phenomenon of spontaneous stratification. A generalizatiowherem= 6,,— 6,,= 6,,— 6,,. We have assumed the differ-

of the model to include also the different sizes of the grainence

[53] shows a smooth segregation of the species with the con-

centrations of static grains behaving as a power law of the b= 01(h,)— 0x(b>) (20)
position along the surface pile; results valid only when the

species do not differ too muda fact that allows to perform to pe independent of the concentratign. For simplicity,
linear approximations of the collision functions around thewe choose a linear interpolation between the extreme values
angles of reposgb3]). In the following we propose a form of 0.(¢5=0) and 6,(¢dz=1). If we label the small grains
the collision functions valid when there is a large differenceyjth o =1 and the large grains witbk=2 and denote the

in size and shape between the species and we treat the thigztreme values of the repose anglethy ¢s=1)= 6,4 as in

and thick-flow regimes, in order to understand Stratiﬁcatior]SeC. I, the difference in size imp”ésee F|g m)]

and segregation as seen in the experiments.

FIG. 5. Dependence of the repose angle for the two types of
rolling grains on the concentration of the surface of large grains
(8 An essential ingredient to obtain stratification is tifat> 6,

012<0>1. (21)
IV. CONTINUUM MODEL FOR STRATIFICATION
OF GRANULAR MIXTURES If species 1 are the smallest thép( ¢,) > 0,( ¢,) for any
composition of the surfacé,—i.e., the small grains are al-
ways the first to be captured. Thus, the angular differefce
We present the collision matriM .4z that includes the is determined mainly by the difference in size between the
effects of capture and amplification, and the dependence afpecies, and the value gf determines the degree of segre-
the repose angle on the composition of the surface as digration; the largery, the stronger the segregation. The repose
cussed i 38]. Considering one type of rolling graim, we  angles of the pure specigg; and 65, will be intermediate
define capture and amplification as follows: if the local anglebetweend;, and#d,,, and their relative values will depend on
of the surfacef(x,t) = — dh(x,t)/dx is smaller than the gen- the shape of the two species as discussed in Sec. Il A.
eralized angle of repose of the rolling specigé,, the « For mixtures of grains with different shapes or friction
rolling grains will be captured. In the reverse caie,t) coefficients we haved,,# 0,,, and 0,,= 0,, if the species
>6,, the static grains at positionwill be amplified. Am-  have the same size. W, is the repose angle of the pure
plification will cause locally a small hole, i.e., the two types round species and,, is the repose angle of the pure rough
of static grains will be amplified the same way according tospecies, them;,;< 6,,. If the species have the same shape or
their local concentratior,, . friction coefficients therd ;= 6,,.

A. Collision matrix and generalized angle of repose
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When the size ratio is close to oné,(d,;=<1.5), the functions proposed ifi37,53 assumes that amplification and
angle ¢ is expected to be small and then it is plausible tocapture are linear functions of the local angle. For a given
linearize the collision functions around the angles of repos@ngle both amplification and capture act simultaneously, and
as done in[53]. When there is a larger difference in size the repose angle corresponds to the angle where amplifica-
(d,/d;=1.5), we expecty to be large, and we approximate tion and capture are equal. This linear approximation is valid
the collision functions and define the following collision ma- when the species do not differ mu@or small ), and gives

trix as follows: rise to a weaker segregation of the species—with a power
law behavior of the concentrations as a function of the posi-

~ [ Y11 601 Ogef 601,h1] V12 662 Ocrosl 562, 1] tion along the pile surface—than the segregation found in
- Y21 601 O crosd 801, h2] Voo 860, Ol 865,051 )" this study which is valid when the species differ appreciable

(22) in size and shape.
We focus here on the dependence of the repose angles on
where the composition of the surface. We will consider that the
_ _ other parameters—i.ey,, andv,—do not depend on the
00o=0(X.1) = O, (23 composition of the surface and on the species considered

Here,y,.>0 has dimension of inverse time, anfty,, rep-
resents the length scale at which a rolling grain will interact

significantly with a surface at an angle above or below the |, the conditions of the experimef27], where an equal

angle of repose. o volume of the two species is poured at the left side of the
The functions®(46,,,¢,,) distinguish capture from am-  ¢q|| the boundary conditions are

plification. @ ;s treats the case of self amplification, i.e., am-

plification of static grainsx by rolling grainsa, and® s RO

the case of cross-amplification, i.e., amplification of static Ra(oyt):R2:7- (28)
grainsa by rolling grainsB. More specifically, we consider

Y11= Y22= Y, U1=U=U. (27)

1 it 9—0 <0 _ These equz;tions are meaningful if all the rolljng grains_
(0—0,,¢b,)= ' ' a= (24) mteract_each time with the surface, and_ do not interact di-
sel arre ¢q, I 6—6,>0. rectly with each other. Then, when there is percolation in the
rolling phase, the interaction terms have to be modified ac-
These equations mean that in the case of capture, the amow¥rdingly. In the next section we will show how to introduce
of rolling grains of typea converted to static grains is pro- the percolation effect characteristic of the thick-flow regime.
portional to the number of grains interacting with the sur-However, we will show that the above equations—although
face, i.e.,R,; in the case of amplification, the amount of strictly valid in the thin-flow limit, i.e. R, =d ,—will be also
static grains converted to rolling grains is proportionaRlp  needed to describe completely the thick-flow regime.
again and to the number of static gram®n the surface, i.e.,

¢ Accordingly, we obtain B. Thick-flow regime and the percolation effect

0, if 6—6,<0, An important consideration of the model proposed above
Ocrosd 0= 0, Pp)= by if 60,50 (25 s that the two types of rolling grains do not interact signifi-
A “o cantly each other when the flow of grains is small, i.e.,
In terms of the collision functions defined in Eq.8) we  Ra(X,t) <€, wheree is a cutoff of the order of the grain size
have d, . This hypothesis may not be valid in experiments where
the input flux is large, where the layer of rolling grains could
() =Yoo 10X, ) = 0,(Dp) ], be larger than one grain size.
_ _ In the case of a thick layer of rolling grains, the phenom-
Po(6)=Yaalll6a(fp) — OV, (263 enon of percolation occurs; during the flow of grains down
Xp(0)= v lI[0(X,t) = O4(Pp) ], an inclined plane, the small rolling grains percolate down-
ward through the gaps left by the motion of larger rolling
where grains [23,25,28 [Fig. 1(b)]. Therefore, as they are con-
) vected down, the rolling grains segregate, the concentration
0, if x<0, of small grains being large at the bottom of the rolling layer,
x, if x=0. (26D and the concentration of large grains large at the top of the
rolling layer. As only the lowest grains of the rolling layer
This form for the matrixM , ; supposes that amplification interact with the sandpile, the above effect imposes that
(capture occurs only when the local angle is largemalle) small grains will preferentially interact with the static grains.
than the repose angle. Thus, for a given angle only capture e include the percolation effect in the continuum model
amplification can occur at a given time; an assumption whictand see how the results related to spontaneous stratification
is expected to be valid when the grains differ apprecialfle ( are affected.
large. This fact gives rise to strong segregation effects with To model this effect, we consider the extreme situation
exponential behavior of the concentrations as we will corwhere the segregation is present as soon as the grains start to
roborate when calculating the steady state solution of theoll, i.e., up to the top of the sandpile, and that only the small
problem in Sec. V A. In contrast, the form of the collision grains will interact with the sandpile as soon Bg(x,t)

T[x]=
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>¢, with e<R. € is thus the height of small grains below
which the percolation stops to be effective, and for which the
large rolling grains start to interact with the surface. The
interaction terms discussed in Sec. IV A have to be modified
accordingly.

This model implies that except for a small region where
R;<e, the surface of the sandpile is always divided into two
regions. The upper region corresponds to the part of the sur-
face where small rolling grains are present. As they are the
only one to interact with the sandpile, the sandpile will be
made only of small grains. In the lower part, only large
grains are preseiiexcept for thee part of small grains The
division point between the two regions is able to move with
time. (b)

For the upper part of the sandpile, defined Ry(x,t)
>¢, only small grains are captured, witR,(x,t)=R)
=R%2 and¢,(x,t)=1. The equations become

IRy IRy 29
7—_UW+7(0_011)(R1+R2)' ( a
dh
—r =~ V0= 01)(Ri+Ry). (29b)

FIG. 6. Thick-flow regime: morphology resulting from the nu-
merical integration of the continuum equations when the percola-
tion effect is presentia) Stratification of a mixture of large rough
grains and small smooth grains. The parameters useﬂz%ﬂﬁé{g
=1, e=0.25, tan@,) =0.5, tan@,,) = 0.6, tan@,,) =0.9, tan@,,)

. ) . =0.2,711= ¥20=1, v21=71,=0.1, andv;=v,=1. The dynamics
valid for the t.hln-ﬂOW limit. . Lo obtained by the numerical integration of the equation of motion

The effectiveness of the interactidgiven by y before  ,1550sed in the text show the formation of a pair of layers through

must be multiplied now by the vertical pressure acting on thgne kink mechanism. We also see that the rolling grains are stopped
lowest rolling grain interacting with the surface, i.e., the at the kink in similar fashion as was observed in the stratification
weight of the column of rolling grains above the interacting experimen{27] and in the discrete model in Fig. &) Complete
grain[16]. This explains the presence of tRg(x,t) termsin  segregation of a mixture of small rough grains and large smooth
the interaction terni’; in Eq. (29). grains obtained with the same parameters a&jirexcept for the
We numerically solve Eq414) with the interaction terms angle of repose of the pure species ®r)(=0.7, tan@,,) =0.5.
given by (22) when R;(x,t)<e and by Eg.(29 when Notice the total segregation of the mixture. The region of mixing is
R;(x,t)>€ as discussed above. We find qualitatively theconcentrated in a small region in the center of the pile.
same results as in the experimeh®y], with stratification
appearing when the large grains are rougher than the smalle opiain stratification whers>0, i.e., when the large
grains[ 65,> 61;, Fig. 6@]. The dynamics of stratification  gyains are rougher than the small grains as in the experiments
show also the formation of the kink as observed in the €X3n4 in the thick-flow regime above. However, we find that
periments and_ in the discrete model shown in Fig. 4. Whenhe transition to segregation does not occur sharpl§=a0
the small grains are rougher than the large graiflg; ( byt occurs at a small negative valde<0, which depends
> 6,,), then we obtain the strong segregation of the mixture;,, the value of the cross-amplification rateg;. When the
with the small rough grains found at the top of the hEfig.  ¢ross rates are zero, then the transition occuss=ad as we
6(b)] and a small region of mixing in the center of the pile t5,nq for the thick-flow regime above. For smaller values of
[54]. 6<6.,<0 we find the complete segregation pattern found in
the experiments. Thus, the presence of cross-amplification
C. Thin-flow regime processe_s_—which appear o_nly in the Iow-flux limit—shifts
. ) the transition from stratification to segregation to a vahde
In the absence of the percolation effect, E22) remains gitferent from zerd[55]. However, the stratification we find
valid along all the pile since in the small flow limit a thin ¢,, 5.< <0 is less pronounced than in the case0: the
rolling phase is expected witR,,(x,t)<e. However, we as- |ayers do not go to the top of the sandpile, and the layer of
sume a large difference in size, so that strong segregatiogina|| grains is very thin. Similar results at the neighborhood
effects are expected anyway, and the collision functions args the stratification-segregation transition have been found
expected to behave as in H@2). We then solve Eq314)—  \yith a microscopic model of grains dynamigss]. We also
(22) numerically. Defining the “control parameter” find a kink, corresponding to the growth of the new pair of
static layers, with a well-defined steady-state profile and up-
0= 05— 044, (300  ward velocity fors>0.

When R;(x,t)<e, the percolation effect disappears and
the equations of evolution d®, andh can be considered to
be the same as the one defined by the collision ma&22x
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This model, valid for thin flows, is qualitatively close the and the boundary conditions are
preceding one valid for thick flows, where we also found a 0
regime of complete segregation separating the surface of the R.(L)=0, R,(0)=R"/2. (35
sandpile in two regions. This can be understood noting that :
the dependence of the repose angle on the composition of the '!'he_ steady—_state SO.IUUOn @4)_(22) showstotal segre-
tion: except in a region of size of y at the center of the

surface in the thin-flow model is comparable to the effect Ofg:nd le where the arains are mixed. the sandbile is exclu-
percolation in the rolling layer in the thick-flow regime. P 9 ' P

Since for a given compositiosb, the repose angle of the sively made of small grains in the upper part of the pile, and

small grains is always larger than the repose angle of th8f large grains in the lower part of the pile. The details of the

large graingFig. 5, the small grains are also the first to be Calculations can be found {i34]. Here we present a simpli-

i~ fied results for the case of y<L, since we expect Eq13).
trapped before the large ones. The composition of small At the upper part of the pile, for Bsx<x,,, with X

grains on the surface increases, amplifying the effect, up to_ ;

the point where the surface is made of only small grains. — /2~ v/(y#), only small grains are presenip{(x)=1
A difference between the models for the thick rolling and ¢,(x)=0), and the profiles are

phase and the thin rolling phase is in the role played by 1 x

amplification processes. When neglecting amplification we Rl(x):RO(E_E)a (363

find identical results in both regimes, as we found with the

discrete model. Moreover, the influence of amplification pro-

_Ro
cesses seems to be confined to the case when the angles of Ra(x)=R72, (36b)
repose of the pure species are very close, and only to the

thin-flow regime. The fact that we have obtained similar re- O(X)— 01,= — vlyt dryall(2y) ) (360
sults in the thin-flow regime and the thick-flow regime with L(1+ya1/y)/2—X

the discrete model is due to the fact that the discrete mod

neglects amplification processes. %t the lower part of the pile k,<x=<L), we find that after a

small region of size of the order of/ (y) (or equivalently,
of the order of the size of the grairmainly large grains are

V. ANALYTICAL RESULTS present. The profiles are
The thick-flow and the thin-flow regimes show similar y
results as long as there is a large difference in size between ¢1(X):eXF{ — y—(x—xm) , (379
the grains. We will now show analytical results valid for v
both regimes. 2
, Ri(X)= —— $1(X)R(X), (37b
A. Steady-state solution yyL
We next study the stationary solution of Eq44) and v
then we study how a perturbation to this solution can be O(X)— 0= —Me1(X) — ———. (370
amolif N e RO X y(L—Xx)
plified giving rise to stratification. For simplicity, we con
sider the geometry of a silo of lateral sitg i.e., all the Here
rolling grains are stopped when they reach a wall at position
x=L [Fig. 1(a)]. Moreover, we assume the difference R(X)=Ry(X) +Ry(x)=R%(1—x/L), (39

'7[/5 02( ¢2) - 01(¢2) (31) and m= 022_ 021: 012_ 011.

. . When the system is in this stationary state, the angle of
to be independent of the concentratign. We seek for a  the upper part of the sandpilehere only small grains exist
solution where the profiles of the sandpile and of the rollingis almost 6,,; without cross amplification ¥,,=0), the
grains are conserved in time. Thus, stratification that corresandpile would be at its repose anglg, and because of
sponds to periodic variations in time of the different vari- cross amplification, the angle is significantly reduced. The
ables of interest cannot be observed for this solution. Th%iivergence arounct=L/2 insures that all the small grains
conservation of the grains givés7] are captured despite cross amplification. Moreover, the angle
for the low part of the sandpile is almos,. If we now

@ _ U_RO (32) suppose a fluctuation iR, such that few small rolling grains
at L’ enter the low part of the sandpile, capture will be of the order
. of y(6,,— 0:(d»))R;, and amplification will be of the order
and we impose of y(620— 0,(h2))R,. As Ri<R,, amplification will domi-
nate capture, and the small rolling grains will go downhill up
‘QRa(X):O (33) to the point when capture starts to exceed amplification. As
ot ' soon as this small layer of rolling grains exist, the large

grains are convected down without being capture. This ex-

We assume that, as in the experiment, an equal volume mixess of large grain creates a kink at the bottom of the pile

ture is used, so going uphill where large grains are now stopped; the first
0. 00 w0 layers are formed and the same process starts again. This

Ri=R;=R"/2, (34 may explain why when cross-amplification terms are present
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R’  stable These assumptions are verified by comparing the obtained

‘ segregation result for the shape of the kink with the numerical results.
The existence of a stationary solution for the kink implies

thatR,(x,t) andf(x,t)=h(x,t) + fyx are functions only of

d3<0 g

911>922§ small u=x+uvt, (39

large

wherev is the uphill speed of the kink. For the lowest layer
of the kink composed of small grairithe upper part of the
pile), as only small grains are captur¢d,(u)=1,R,(u)
=R/2], Egs.(14) reduce to equations fdR;(u) and f(u)
(we assumey,;=7),

stratification

6503 .

9,,>0 IRy (u) of
22 1 (UT+U) Jau == _% 511 Rl
FIG. 7. Stability analysis of the steady state solution of the + - a_f_ézl) Rg
equations of motion for granular flow of mixtures in the geometry au
of the silo. Whens<0 we find that the steady-state solution is () ¢ ;
stable, so that this solution is the physical solution wier0. On Jt(u _ d d 0
the other hand, whea>0 the steady state solution is unstable and Y170 You +on|Rity au + 0,1 |Rp, (40

it evolves into stratification as in the experiment.
with

the transition stratification-segregation is shifted frém 0
to 6=5,<0. When percolation is present this shift disap- 011=011— b,  621= 01— bp. (41
pears since cross interactions are greatly reduced by the . .
screening effect of the small rolling grains at the bottom of € obtain the shape of the low part of the kink. For
the rolling phase. =<0,f(u)=0 and foru>0,f(u) andR;(u) obey the follow-

To analyze the stability of the steady-state solution for thd"d €quations:
different phenomenologic parameters, we impose the steady- 0
state solution as the initial condition, and then we look nu- of :(511+ 620 R7/2—wéy,f (u)

merically for the stability of the profile under perturbations au vy ly+ wf(u)—R°
(Fig. 7). For 61> 6,, the steady state solution is stable, so (42)
that Eqs(36) and(37) are the physical solution for this case. Ry(u)=—wf(u)+R%2

In this case, only segregation is observed, and the sandpile

conserves in time the profilg86) and (37). For 6,,<6,,,  Wherew=v/(v+vy). Then the lower part of the kink is
the steady-state solution imstable(evolving to stratifica- ~Ccharacterized by a linear dependence
tion), just as in[27]. The onset of the instability is clearly

seen, where the kink first start at the center of the pile where fu) (611F 820)/2 J
some large grains are captured on top of small grains as seen v, /(yR%)—1 '
in Fig. 7 for 655> 64;.

Our model predicts the complete segregation of the speFinally, this solution is valid up to the point where the large
cies whend,,< 6,;. The concentration of small grains drops grains start to be captured, i.&f/du=—5,,. From Egs.
very fast near the center of the pile in a characteristic regiori42) and(43) we obtain the following inequalities:
of the order ofv/(yy)~cm according to experimen{&8].

(43

As discussed in Sec. IV A this is a consequence of our as- 11+ 02, 0
: . : : : 0p> v, <yR". (44
sumption of large difference in properties of the species. 0 2 T
B. Analytical shape of the kink The solution of the equations for the upper layer of the kink

(the lowest part of the pilewhere only large grains are

We saw in a preceding section that the layers were Co%resent can be obtained in the same way and is

structed through a kink where all the grains are stopped.

precise analysis of this kink would allow us to understand RO Wy SxU
the dynamic of the process and the characteristic size of the f(u)= (W) exp( U—> : (45
layers. f

From the simulations we observe that the kink has a wellyyhere
defined uphill speed and that its shape is preserved in time.

To obtain an analytically tractable set of equations, we then 8py= 00— 055. (46)
look for a possible steady-state solution for the shape of the

kink, and thus foR(x,t) andh(x,t). We also must make the We then find that the shape of the upper part of the kink is
assumptions that far below and above the kink, the sandpilexponential, and that the stationary solution exists only for

has a constant anglé, and is only made of large grains. §,,<0.
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Thus we see that the existence of the stationary solution Typical experimental values of the phenomenological

for the kink implies that constants of the problem for a system lof&30 cm, d;
=0.27 mm, d,=0.8 mm, are [28] v~10 cm/sec, y
011+ 021< s (47) ~20/sec, tay = tanf;—tanb,1~0.1, wiq/ Louk = 0.85,

2 and C/C,~1. Thereforep/(y tany)=2.5-5 cm. We also

obtain an estimation oR?~0.25 cm as the value of the
crossover flux from the thin flow regime to the percolation
regime.

Thus we expect a linear behavior of the wavelength of the

C. Wavelength of the layers layers as a function of the thickness of the rolling phése

The layer thickness is defined by the width of the kink, as a function of the incoming flux of grains when keeping the
A=lim,_..f(u). From Eq.(45), we obtain\ =R%w, which ~ separation between the plates of the cell constanthe
is a consequence of the conservation law stating that all th#hin-flow regime as well as in the thick-flow regime, al-
rolling grains are stopped at the kink. This relation is ob-though the slope of versusR® differs in both regimes. This
tained assuming that the density of the fluid phase is th@rediction regarding the linearity of has been confirmed in
same as the density of the bulk. However, in general we haveecent experiment§28,29 for rolling phases in the range
Mnid< Mbulk» Whereuqig and wp, are the number of rolling  below 1 cm thick and fluxes of the order of 1 g/sec and
grains per unit volume of the fluid phase and bulk, respecseparation between plates of the celD.5 cm[28]. When
tively. Then we obtain the rolling phase becomes thicker than 1 cm, we expect de-
viations from the linear behavior, and our model must be
modified. As discussed ir28] nonlinearities may be present

and that the sandpile is built on an intermediate argjje
between those two extreme values.

iq (v+v
N (v+vy) RO

Hbuk Ut : (48) in the behavior of the uphill velocity Eq49) or in the ve-
locity (51) of the rolling grains. Moreover, the linearity be-
Furthermore, Eq(43) implies that tween the interaction term and the total flux of rolling grains
R;+ R, proposed in Eq(29) for the thick-flow regime is not
v =CyR’, (490  expected to be valid for very large flux. In fact, it has been

recently proposed in a study of thick avalanches in single-

whereC; is a numerical constant that does not depend orspecies sandpileis8] that for a rolling phase thicker than
v,7, or R% Then we obtain 10d, the interaction term should saturate to a constant value
vy /. Itwould be interesting to explore the consequences of
(50) such interaction term for the dynamics of stratification and

N __Mﬂuid( v RO
thin segregation in mixtures.

Mbulk Cm’

(thin-flow regimg.

This relation is relevant to the thin flow regime where
vly~d andR%°~d are both of the order of the size of the VI. DISCUSSION
grains, and the velocity of the rolling grains is constant since
the rolling phase is homogeneous. However, in the thick- In summary, we develop a mechanism to explain the
flow regime the mean value of the velocity of the grainsspontaneous stratification reported[2v]. This mechanism
scale with the thickness of the rolling phase as found reis related to the dependence of the local repose angle on the

cently experimentally28], local surface composition. When we consider only capture
(corresponding to the cellular automaton mogdek find that
v=CyR", (51 spontaneous stratification occurs only when the repose angle

of the large grains is larger than the repose angle of the small
whereC is a numerical constant that does not depeng@n  grains (9,,> 64;, corresponding to large grains rougher than
R° but may depend on the angles of repose and other feamall graing. This result is in agreement with the experi-
tures of the grains. In this case E¢8) becomes ments. Stratification is also obtained whég, is slightly
smaller thané;; as soon as we include cross-amplification
process, as we find in the thin flow regime with the con-
tinuum model. Whend,,< 6,4, the model predicts almost
(52 complete segregation, but not stratification. These results are
in agreement with experimenf&7].

Thus we see that we expect a linear dependence of the |t js interesting to compare these results with a previous
wavelength of the layers as a function of the thickness of the},tudy [27] where a continuum model was used neglecting
rolling phase, i.e., as a function of the flux of graififsthe  cross amplificatiori.e., amplification ofe static grains bys
plate separation is maintained constgg]), but the propor-  rolling graing. In this case, it was shown that amplification
tionality constant is different in the thin-flow regime and the never occurs during the formation of the Sandp”e, and strati-
thick-flow regime. From Eqg50) and(52) we can obtain an fication is obtained in the same conditions as in the experi-
approximate estimation of the value of the crossover fromments.
the thin-flow regime to the thick-flow regimgg assuming We discuss the possible importance of percolation effects
that A pin(RY) =~ A ic(RY), thenR2~v 4in/(Cy), Wherevy,  in the rolling layer, that takes place when the input flux of
is the velocity of the rolling grains in the thin flow regime. grains is large. Although the continuum model must be

C
1+ —

MAluid
G

thick—
Mbulk

R® (thick-flow regime.
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deeply modified, the results are surprisingly close to the thinpared to experiments. The quality of the results suggests that

flow model. this formalism includes the essential features of the physics
The model describes well the static picture of the sandpilef granular flow. Using this formalism, it may be possible to

of [27] with alternating layers made of small and large have theoretically access to 3D problems, such as periodic

grains, and also reproduces the dynamics, where the layesgegregation in rotating cylindef4.6], that are out of reach

are built through a kink mechanism. The numerical simula-with present-day computer simulations.

tions suggest that the motion of the kink is stationary. It

allows us to make quantitative predicFions for the depen- ACKNOWLEDGMENTS
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